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PREFACE. 



In the preparation of tte following work the object has been to 
bring within the compass of one volume of eonvenient size an ele- 
mentary treatise on both Conic Sections and Analytical Geometry. 

In the first part, the properties of the curves known as the Conio 
Sections are demonstrated, principally by geometrical methods ; that 
is, in the investigations, the curves and parts connected with them 
are constantly kept before the mind by their graphic representations, 
and wc reason directly upon them. 

In the ptirely Analytical Geometry the process ia quite different. 
Here the geometrical magnitudes, themselves, or those having cer- 
tain relations to them, are represented by algebraic symbols, and we 
seek to express properties and imposed conditions by means of these 
symbols. The mind is thus relieved, in a great measure, of the ne- 
cessity of holding in view the oftcn-timcs complex figures required 
in the intermediate steps of the first method. It is, mainly, at the 
beginning and end of our investigations that we have to deal with 
concrete quantity. That is, after we have expressed known and im- 
posed conditions, analytically, our reasoning is independent of the 
kind of quantity involved, until the conclusion is reached in the 
form of an algebraic expression, which must then receive its geo- 
metrical interpretation. 

Much of the value of Analytical Geometry, as a disciplinary 
study, will be derived from a careful consideration, in each ease, of 
this process of passing from the concrete to the abstract and the 

(iii) 
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iv PKEPAUE. 

converse, and both teacher and student are earnestly recommended 
to give it a large share of their attention. 

In both divisions of the work the object has been to present the 
aubjecta in the simplest manner possible, and hence, in the first, 
analytical methods have been employed in several propositions when 
results eonld be thereby much more easily obtained; and for the 
same reason, in the second division, a few of the demonstrations are 
almost entirely geometrical. 

The analytical part terminates, with the exception of some exam- 
ples, with the Chapter on Planes. Three others might have been 
added ; one on the transformation of Co-ordinates in Space, another 
on Curves in Space, and a third on Surfaces of Kevolution and 
curved surfaces in general : but the work, as it is, covers more 
ground than is generally gone over in Schools and Colleges, and is 
sufficiently extensive for the wanta of elementary education. Nu- 
merous examples are given under the several divisions in the second 
part to illustrate and impress the principles. 

The Author has great pleasure in acknowledging hia obligations 
to Prof. I. F. Quinby, A. M., of the University of Eochester, N. T., 
formerly Ass't Professor of Mathematics in the United States Mili- 
tary Academy, at West Point, for valuable services rendered in the 
preparation of this treatise, as well as for the contribution to it of 
much that is valuable both in matter and arrangement. His thor- 
ough Bcholarship, as well as his long and successful experieace as an 
instructor in the class-room, preeminently qualified him to perform 
such labor. 

1861. 
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CONIO SECTIONS. 



DEFINITIONS. 



L A Conical Surface, or a Cone is, in its general accept- 
ation, the surface that ia generated by the motion of a 
straight line of indefinite extent, which in its different 
positions constantly passes through a fixed point and 
touches a given curve. 

The moving line ie called ihe generatrix, the curve that 
it touches the directrix, the fixed point the vertex, and the 
generatrix in any of its positions an element, of the cone. 

The generatrix in all its positions extending without 
limit beyond the vertex on eitlier side, will by ite motion 
generate two similar surfaces seperated by the vertex, 
called the nappes of the cone. 

2. The Axis of a cone is the indefinite line passing 
through the vertex and the center of the directrix. 

3. The intersection of the cone by any plane not pass- 
ing through its vertex, that cuts all its elements, may be 
taken as the directrix; and when we regard the cone as 
limited by such intersection, it is called the base of the cone. 
If the axis is perpendicular to the plane of the base, the 
cone is said to be righl; and if in addition the base is a 
circle, we have a riglU cone with a circular base. This is the 
same as the cone defined in Geometry, (Book VII, Def. 
16), and in the following pages it is to be understood that 
all references are made to it, unless otherwise stated. 
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10 CONIC SECTIONS. 

4. Conic Sections are the figures made by a plane entting 
a cone. 

5. There are Jive different figures that can be made by 
a plane cutting a cone, namely: a triangle, a circle, an 
ellipse, a parabola, and an hyperbola. 

Remark. The three last mentioned ate eommonlj regarded as 
embracing the whole of conic sections; hut with eqiial propriety tJie 
triangle and the cirde might be admitted into the same family. On 
the other hand wo may examine the properties of tlie ellipse, the 
parabola, and the hyperbola, in like manner as we do a triangle or a 
circle, without any reference whatever to a cone. 

It is important to study these curyes, on account of their exten- 
sive application to astronomy and other seicnees. 

6. If a plane cut a cone through its vertex, and termin- 
ate in any part of its base, the section will evidently be a 
triangle. 

7. If a plane cut a cone parallel to its base, the section 
will be a cireU. 

8. If a plane cut a cone oblic[ue!y through all of the 
elements, the section will represent a curve called au 
ellipse. 

9. If a plane cut a cone parallel to one of its elements, 
or what is the s*ne thing, if the cutting plane and an 
element of the cone make equal angles with the base, then 
the section will represent a parabola. 

10. If a plane cut a cone, making a greater 
angle with the base than the element of the 
cone makes, then the section is an hyperbola. 

U, And if the plane bo continued to cut / 
the other nappe of the cone, this latter inter- ' 
section will be the opposite hyperbola to the 
former. 

12. The Vertices of any section are the points where the 
cutting plane meets the opposite elements of the cone, 
or the sides of the vertical triangular section, as A and B. 
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THE ELLIPSE. H 

Henee, the ellipse and the oppoaite hjpcrtio- , 
laa liave eaxih two vertices; but the parabola 
has only one, unless we consider the other as 
at an infinite distance. 

13, The Axis, or Transverse Diameter of a conic 
section, is the line or distance AB between the/ 
vertices. 

Hence, the axis of a parabola is infinite in length, AS 
being only a part of it. 

The properties of the three curves known as the Conic 
Sections will first be investigated without any reference 
to the cone whatever ; and afterward it will be shown that 
these curves are the several intersections of a cone by a 
plane. 

THE ELLIPSE. 

DEFINITIONS. 

L The Ellipse is a plane eur\'e described by the motion 
of a point subjected to the condition that the sum of its dis- 
tances from two fixed points shall be constantly the same. 

2. The two fixed points are called 
the foci. 

3. The Center is the point C, the^/ 
middle point between tlie foci. 

4, A Diameter is a straight line 
through the center, and terminated both ways by the 
curve. 

5, The extremities of a diameter are called its vei-tiees. 
Thus, DJy is a diameter, and D and D' are its vertices. 

6. T!ie Major, or Transverse Axis, is the diameter which 
passes through the foci. Thus, AA' is the major axis. 

7, The Minor, or Conjugate Axis is the diameter at right 
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12 CONIC SECTIONS. 

angles to the major axis. Thus, CE is the semi minoi 

8. The distance between the center and either focus ia 
called the ecceiitridty when the Bemi major axis is unity. 

That is, the eccentricity is the ratio between CA and 

CF 
CF; or it is y^ ; hence, it is alwaj's less than unity. 

The less the eccentricity, the nearer the ellipse approaches 
the circle. 

9. A Tangent is a straight line which meets the curve 
in one point only; and, being produced, doea not cut it. 

10. A Normal to a curve at any point is a perpendicular 
to the tangent at that point. 

11. An Ordinate to a Diameter is a straight line drawn 
from any point of the curve to the diameter, parallel to a 
tangent passing through one of the vertices of thai diame- 
ter. 

Bemahk. — A diameter and its ordinate are not at right angles, 
unless the diameter be either the major or minor asis. 

12. The parts into which a diameter is divided by an 
ordinate, are called abscissas. 

13. Two diameters are said to be conjii^ate, when either 
is parallel to the tangent lines at the vertices of the other. 

14. The Parameter of a diameter is a third proportional 
to that diameter and its conjugate. 

15. The paraniat«r of the major axis is called the jpriri- 
evpal ■parameter, or h,ti(s rectum; and, as will be proved, is 
equal to the double ordinate through the focus. Thus 
F'G 'y& one half of the principal parameter. 

16. ASnb-tangeat is that part of the axis produced, vrhich 
is included between a tangent and the ordinate, drawn 
from the point of contact. 

17. A Snb-nonnal is that part of the axis which ia includ- 
ed between the normal and the ordinate, drawn from the 
point of contact. 
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T II !■; i: L L i p s B . 

PKOPOSITION I. FBOBLEM. 

To describe, an Ellipse. 

Assume any two points, aa F and 
F' and take a thread longer than 
the distance between these points, a-' I -pyr^ 
fastening one of its extremities at 
the point F and the other at the 
point F'. Now if the point of a pencil be placed in the 
loop and moved entirely around the points F and F', the 
thread being constantly kept tense, it will describe a curve 
as represented in the adjoining figure, and, by definition 
1, this curve is an ellipse. 

PROPOSITION ii.-theoeem;. 

The major axis of an ellipse is equal to the sum of (he two 
lines drawn from any point in the curve to the foci. 

Suppose the point of a pencil at 
D to move along in the loop, hold- 
ing the threads F'D and FD at a'(- 
equal tension ; when D arrives at 
A, there will he two lines of threads 
between F and A. Hence, the entire length of the threads 
will be measured by F' F-\-2FA. Also, when D arrives 
at A', the length of the threads is measured by FF'-\- 
2F'A'. 
Therefore, . FF'+2FA=FF'+2F'A' 
Hence, .... FA=F'A' 
From the expression FF'+2FA, take away FA, and 
add F'A', and the sum will not be changed, and we have 
FF'+2FA^A'F'+FF'+FA=A'A 
Therefore, . F'B+FD^AA 
Hence the theorem ; the major axis of an ellipse, etc. 
2 
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14 OONia SECTIONS. 

PEOPOSITION III— THEOEEM. 
An ellipse is bisected by either of its axes. 
Let FF be the foci, AA' the ma- 
jor and BB' the minor s:sjs of an 
ellipse; then will either of t 
acsds divide the ellipse into equal 
parts. 

Take any point, as P in the el- 
lipse, and from this point draw ordinates, one to the ma- 
jor and another to the minor axis, and produce these or- 
dinates, the first to F', the second to P", making the parts 
produced equal to the ordinates themselves. It is evident 
that the proposition will be established when we have 
proved that P' and F' are points of the curve, 

Mrst. -F is a point in the perpendicular to PF' at its 
middle point; therefore FF'=FF (Scho. 1, Th. 18, E. 1 
Geom.) for the same reason I^F'=FP. 
"Whence, by addition, 

FF'+FF=FP+FP. 
That is, the sum of the distances from P* to the foci is 
equal to the sum of the distances from F to the foci; but 
by hypothesis P is a point of the ellipse; therefore F is 
also a point of the ellipse, (Def. 1). 

Second. The trapezoids F"dC'F', PdGF are equal, be- 
cause J" 0=FC^ dF'=dF by construction, and the angles 
at d and G in each are equal, being right angles ; these 
figures will therefore coincide when applied, and we have 
P'F' equal to PF and the angle P'FF equal to the angle 
PFF. Hence the triangles F'FF, FFF are equal hav- 
ing the two sides P'F, FFimi. the included angle F'F'F 
in the one equal, each to each to the two sides PF, FF 
and the included angle FFF' in the other. 
Therefore, P'F+P"F=PF'+F P 

That is, the sum of the distances from F' to the foci ia 
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15 



equal to the sum of tiie distances from F to the foci, and 
since P is a point of the ellipse P" must also be found on 
the ellipse, 

Hence the theorem ; an ellipse is bisected, etc. 




PEOPOSITION IV.— THEOREM. 

The distance from either focus of an ellipse to (he extremity 
of the minm- axis is equal to the seTni-major axis. 

Let AA'Tae the major axis, J-'and 
F" the foci, and CD the semi-minor 
axis of an ellipse ; then will FD= a 
F'D be equal to CA. 

Because F'C=CF and CD is at 
right angles to F'F, we have F'D=FD. 

But, F'D+FD=A'A 

Or, 1FD=A'A 

Therefore, FD=^A'A. or CA. 

Honee the theorem; the distance from either focus, etc. 

Scholium. — The talf of the minor axis is a mean proportional 
between the distance from either focus to the principal vertices. 

In tte right-angled triangle FGD we have 
'Olf=Fiy^—FG'' 

But, FD=AC 

Therefore, Ulf z=AG^ —FO^ 

= {AG-^FC) (AC—FC) 
=AFXAF 

Or, AF: GD=CD : FA' 



FEOPOsiTioN v.— theorem: 

Foery diameter of an ellipse is bisected at the center. 
Let D be any point in the curve, and G the center. 
Draw DC, and produce it. From F' drawF'jy parallel 
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16 CONIC SECTIONS. 

to FD; and from J" draw FD' par- 
allel to F'B. The figure BFD'i" is 
aparallelogram fey construction; and 
therefore its opposite sides are equal. 

Hence, the eum of the two sides 
F'B' and D'J'is equal to F'D and DF; therefore, by def- 
inition 1, the point D' is in the ellipse. But the two di- 
agonals of a parallelogram bisect each other; therefore, 
DC=GD', and the diameter Z>2)' is bisected at the center, 
C, and BD' represents any diameter whatever. 

Hence the theorem ; every diameter, etc. 

Oar. The quadrilateral formed by drawing lines from 
the extremities of a diameter to the foci of an ellipse, is 
a parallelogram. 

PE0P08ITI0N VI.— THBOEEM. 

A tangent to the ellipse males equal avgles with the two 
straight lines drawn fiom the point of tontact to thtfod. 

Let F and F' be the foci and 
B any point in the curve Driw 
F'B and FB, and produce F'B [ 
to H, making B1I=BF, and draw ^ 
FH. Bisect FIFin T. Draw TB 
and produce it to L 

Now, (by Cor. 2, Th. 18, B. I, Geom.), the angle FBT= 
the angle HBT, and HTB=\i?. vertical angle F'Bt. 

Therefore, FB T=F'Bt. 

It now remains to be shown that Tl meets the curve 
only at the point B, and is, therefore, a tangent. 

If possible, let it meet the curve in some other point, 
as (, and draw Ft, tH, and F't. 

{By Scholium 1, Th. 18, B. I, Geom.) m=tll. 

To each of these add F't; 

Tiien, Ft+f£[=F't+FC 
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THE ELLIPSE. 17 

But F 't and tB. are, together, greater than F' IT, because 
a straight line is the shortest distance between two points ; 
that is, F' t and Ft, the two lines from the foci, are, together, 
greater than FH, or greater than F'D-¥ FD; therefore, the 
point ( is without the ellipse, and I is any point in the line 
2i, except D. Therefore, 2? is a tangent, touching the 
ellipse at D; and it makes ec^ual angles with the lines 
drawn from the point of contact to the foei- 

Hence the theorem ; a tarigenl, etc. 

Cor. The tangents at the vertices of either axis are 
perpendicular to that axis; and, as the ordinates are par- 
allel to the tangents, it follows that all ordinates to either 
axis must cut that axis at right angles, and be parallel to 
the other axis. 

ScnoLiDM 1,-^From this proposition we derive the following 
simple rule for drawing a tangent line to an ellipse at any point: 
Through the given point draw a line hisecting the angle included 
between the line connecting this point with one of the Jbci and the 
line produced connecting it with the other foeus. 

Scholium 2. Any point in the curve may be considered asapoiat 
in a tangent to the curve at that point. 

It is found by experiment that rays of light, heat and sound are 
incident upon, and reflected from surfaces under equal angles ; that 
is, for a ray of either of these principles the angles of incidence and 
reflection are equal. Therefore, if a reflecting surface be formed by 
turning an ellipse about its major axis, the light, heat, or sound 
which proceeds from one of the foci of this surface will be concen- 
traffid in the other focus. 

Whispering galleries are made on this principle, and all theaters 
and large assembly rooms should more or less approximate this figure. 
The concentration of the rays of heat from one of these points to 
the other, is the reason why they are called the /o<d or bumimg 



2* 
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PROPOSITION TIL— THEOEEM. 

Tangents to the ellipse, at ihe vertices of a dkiMeter, are "par- 
allel to each other. 

Let DD' be the diameter, and F' ^ d ^ 

and i^ the foci. Drawi^'Jl, Jf'D', 
FB, and FJy. 

Drawtbe tangents, Tt and iSs, one 
through the point J), the other 
through the point JJ . These tan- 
gents will he parallel. ■" ' 

By Cor. Prop. 5, F'D'FD ia a parallelogram, and the 
angle F'I>'F is equal to its opposite angle, F'DF. 

But the sum of all the angles that can be made on ono 
side of a line is equal to two right angles. Therefore, by- 
leaving out the equal angles which form the opposite an- 
gles of lihe parallelogram, we have 

sD'F'+SJ)'F=tDF'+ TDF 

But (by Prop. 6) sD'F'=SD'F; and alao iDF'= TDF; 

therefore, the sum of the two angles in either member of 

this equation is double either of the angles, and the above 

equation may he changed to 

2SI)'F=2iDF' or SZ>'F=tDF' 
But DF' and I)'F are parallel; therefore SD'F and 
tDF' are, in effect, alternate angles, showing that Tt and 
Ss are parallel. 

Gor. If tangents be drawn through the vertices of any 
two conjugate diameters, they will form a parallelogram 
cireuraecribing the ellipse. 

PEOPOSITIOJSr VIII.— THEOBEM. 

If, from the vertex of any diameter of an ellipse, straight 
lijtes are drawn through thefod, meeting the conjtigate diameter, 
the, part of either line intercepted by the conjugate, is equal to one 
half the major axis. 
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THE ELLIPSE. 19 

Let DD" be tlie diameter, and Tt 
tho tangent. Through the center j^ , 
draw EE' parallel to Tt. Draw F'D / 
and i>i^, and produce _D_Zi' to ^; and \ 
from F draw FG parallel to EE' 
otTI. 

lifow, by reason of the parallels, we have the following 
equations among the angles : 

iDG=I>GF\ ,, f WG^BIIK 
TDF=DFG i ' I TDF=DKH 

But (Prop. 6) tDG= TDF; 

Therefore, DGF=DFG; 

And, DHK^BKH 

Hence, the triangles Z>ff-P'and DHK are isosceles. 
"Whence, DG=DF, and I)H=DK. 

Because -ffCis parallel to FG, and FC=CF, 

therefore, FH^-RG 

Add, J)F=DG 

and we have FH+DF=DH 

But the sura of the lines in both members of this equa- 
tion ia FD+DF, which is equal to the major axis of the 
ellipse; therefore, either member is one half the major 
axis; that is, DH, and its equal, DK, are each equal to 
one half the major axis. 

Hence the theorem ; if from the vertex of any diameter, etc. 



PB0P08ITI0N IX.— THEOREM. 



3 from the foci of an ellipse upon a tangent, 
meet the tangent in the circumference of a circle whose diam,e- 
ter is the major axis. 

Let F',F be the foci, C the center of the ellipse, and J) a 
point through which passes the tangent Tt. Draw F'D 
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and FB, produce F' D to H, mak- 
ing DIi=FD, and produce FD to 
G, making I>G=F'D. Then F'H 
and FG are each equal to the major 
axis, A' A. 

Draw FH meeting the tangent in ' 
T and F'G meeting it in t Draw 
the dotted Hues, GT and Gt. 

By Prop. 6, the angle i^i) 2!=the angle i^J3i; and since 
opposite or vertical angles are equal, it follows that the four 
anglea formed hy the lines intersecting at D, are all equal. 

The triangles DF G and DSF are isosceles by con- 
struction ; and as their vertical angles at J) are bisected by 
the line 11, therefore F' i=tG, FT= Til, and FT and F' t 
are perpendicular to the tangent Tt. 

Comparing the triangles F' GF and F' Ct, we find that 
F'Cis equal to the half of F'F, and F't, the half of FG; 
therefore, a is the half of FG; but A'A=FG; hence, 
a=lA'A= GA. 

Comparing the triangles FF'H and FGT, we find the 
sides FH and FF' cut proportionally in T and G; 
therefore, they are equi-angular and similar, and GT is 
parallel to FS, and equal to one half of it. That is, GT 
is equal to CA ; and GA, CT, and Ct are all equal ; and 
henee a circumference described from the center C, with 
the radius GA, will pass through the points T and (. 

Henee the theorem; perpendiculars from the foci, etc. 



PEOFOSITION X.— THEOREM. 

The product of ike perpendkralars frcm the foci of an 
ellipse upon a tangent, is equal to the square of one half the 
minor axis. 

Produce TG and GF, and they will meet in the circum- 
ference at S; for #7" and F't are both perpendicular to 
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the same line Ti^ they are there- 
fore parallel; and the two triangles, 
Ci^r and CF'S, having a side, J^-C, 
of the one, equal to the side, CF', 
of the other, and their angles equal, 
each to each, are themselves equal. 
Therefore, C&=CT, 8 is in the cir- 
cumference, and SF'=FT. 

Now, since A' A and St are two lines that intersect each 
other in a circle, therefore (Th. 17, B. Ill, G-eom.), 
SF'xF'i^A'F'-^^FA; 

Or, FTxF'(=A'F'xF'A. 

But, by the Scholium to Prop. 4, it is shown that 
A'F' xF'A= the square of one half the minor axis. 

Therefore, FTx F* t= the square of one half the minor 




Hence the theorem ; The product of the perpendiculars, etc. 

Cor. The two triangles, FTD and F'lD, are similar, 
and from them we have TF : F'i=FJ) : : DF' ; that is, 
perpendiculars Ut fall from the foci upon a tajigent, are to 
each other as the distances of tkepoint of contact from the foci. 

PEOPOSITION XI.— THEOREM. 

If a tangent, drawn to an ellipse at any point, he proditced 
until it meets either axis, and from the point of tangency an 
wdinaie he drawn to the same axis, one half of the axis will he 
a mean proportional between the distances from the center to 
the intersections of these lines with the axis. 

Let Til he a tangent at any 
point in the ellipse, as P. 

Draw F'P RndFP,F and 
F' being the foci, and produce j 
F'P to Q, making P^=i>F; join T,Q, and draw PG 
perpendicular to the axis AA' . 
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Tlie triaogles PFT and PTQ are equal, because FT is 
common, PQ=PF by conetniction, and the [_ TFF— 
the angle \_ TPQ (Th. 6). 

Therefore, TP bisects the angle FTQ, and QT=FT. 

As the angle at 2" is bisected by TP, the sides abont 
this angle in the triangle F'TQ are to each other, as the 
segmenta of the third side, (Th. 24, B. H, Geom.) 

That is, F'T:TQ:: F'P : PQ 

Or, F'T: FT:: F' P : PF 

Prom this last proportion we have (Th. 9, B. II, Geom.), 
F'T+FT: F'T— FT : : F' P+ PF : F' P—PF 

Or, since F'T+FT^ZOT and F'P-\-PF=^CA, 

by substitution we have 

2CT: F'F ::2CA: F'P—PF (l) 

Again, because PG is drawn perpendicular to the base 
of the triangle F'PF, the base is to the sum of the two 
sides, as the difference of the sides is to the difference of 
the segments of the base, (Prop. 6, PI. Trig.) 

Whence, F'F: FP+PFi: F'P— PF:2CG (2) 

If we multiply proportions (l) and (2), term by term, 
omitting in the resulting proportion the factor F'F, com- 
mon to the terras of the first couplet, and the factor 
F 'P—PF, common to the terms of the second couplet, 
we shall have 

2Cr:2ai: :1CA:1CG 

Or, CT: CA : : CA : OG 

In like manner it may be proved that 
a : GB : : CB : Cg 

Hence the theorem ; If a tangent, drawn to an ellipse, etc. 



PROPOSITION XII .— T H E O R E M . 

The mih-tangent cm either axis of an ellipse is equal to the 
corresponding sub-langent of the circle described on that axis as 
a diameter. 
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THE ELLIPSE. 

Let P be the point of tan- 
geney of the tangent line Tt to 
the ellipse, of which AA' is the 
major axis and G the center. Z^- 
Draw the ordinate /*(? to this y^ 
axis, and produce it to meet k> 
the eirenmferenee of the circle described on AA' as a 
diameter, at B, and draw BC and BT, T being the inter- 
Beetion of the tangent with the major axis ; then will the 
line BT be a tangent to the circumference, at the point B. 
By the preceding theorem we have 
OT : CA : : OA : Ca 
And since CA= CB, this proportion becomes 

GT : CB : : CB : CG 
Hence, the triangles CBT and CBG have the common 
angle 0, and the sides about this angle proportional ; they 
are therefore 8imilar(Cor. 2Th. 17, B. II, Geom.). But 
CBG ia a right-angled triangle; therefore, CBT is also 
right-angled, the right angle being at B. IJfow, since the 
line BT is perpendicular to the radius CB at its extrem- 
ity, it is tangent to the circumference, and GT is there- 
fore a common sub-tangent to the ellipse and circle. 

If a circumference be described on the minor axis as 
a diameter, it may be proved in like manner that the 
corresponding sub-tangents of the ellipse and circle are 
equal. 
Hence, the theorem ; The sub-tangent on either axis, etc. 
Scholium 1. — This proposition furnishes another easy ruJe for 
drawing a tangent line to an ellipse, at any point. 

Rttlb. On tlie major axis as a diametm, describe a semi-circwm' 
/erence, mtd from the given point on the eUipse draw an ordinate to 
the major axw; draw a tangent to the semi-circwn/erence at the 
^oint in which the ordinate prodiiced meets it. The Une that con- 
jiMts the point in which this tangent intersects the mc0or axis inith the 
given pmnt on the ellipse, tciiU be the rehired tangent. 
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Scholium 2. — Because CBT is a right-angled triangle, 

OG-GT=~BG^; \flit A' G- AG^'BG^ 
Therefore, CG-GT=A'G-AG 

PE0P08ITI0N XIII— THEOBEM. 

The square of either semi-axis of an ellipse is to the square 
of the other semi-axis, as the rectangle of any two abscissas of 
the former axis is to the square of the corresponding o 

^rom any point, as P, of tlie 
ellipse of which C ia the center, 
AA' the major, and ££" the 
minor axis, draw the ordinate ^\ 
PG to the major axis; then 
it is to be proved that 

IJA' ■.CS' •.-.AG-GAl :TG^ 
Through P draw a tangent lino intersecting the axea 
at Tasxd i; then, by Prop. 11, we have 
CT:: CA::CA:CG 
Whence, C7^C(?=CZ^ 

and by multiplying both members of this equation by 
CG, it beeomea 

CT^CG'' =''CA^-CG 
which may be resolved into the proportion 

CT:Ca^::CT:CG 
From this we find, {Cor. Th. 8, B. H, Geom.), 

CT : GT—CG'' i-.CT-.GT Q.) 
Again, drawing the ordinate Pg to the minor axis, we 
have 

a : CB : : CB : Cg or PG 
Whence, Q ■ PG=Cff 

Multiplying both members of this equation by PG, it 
becomes 
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a ■ P<f=GB'-PG 
from which we have the proportion 

CB- ; Pff * :: a-.FG 
By similar triangles we have 

Ct : PG : : CT : GT 
And, since the first couplet in this proportion is the 
same as the second couplet in the preceding, the terms of 
the other couplets are proportional. 

That is, CS-.P^i: CT: GT (2) 

By comparing proportions <X) and (2>, we obtain 
W:P^::CT: CA^—C^ C3) 
But CA'— CS'=(CA+Cff) {CA~CG)=A'G-AG: 

Whence, by inverting the means in proportion (.^) and 
substituting the values of CA — CG , we have finally 
OB' :CA^ :: PG" ■ A'G-AG 

or, CA'-.CJf:: AG-AG: P~& 

By a process in all respects similar to the above, we will 
find that 

im-.GA'-.-.Bg-B'g-.iFsf 

Hence the theorem; the square of either semi-axis, etc. 

ScHOLlTiM 1. — From the theorem just demonstrated is readily 
deduced what is called, in Analytical Geometry, the equation of the 
eSipse re/erred to its center and axes. If we take aoy point, as P, 
on the curve, and can find a general relation between A G and PG, 
or between CG and PG, the equation espressing such relation will 
be the equation of the curve. Let us represent OA, one half of 
the major axis, by A, and CB, one half of the minor axis, by 7?; 
that is, the symbols A and B denote the numerical values of these 
semi-axea, reapectively. Also, denote the OG by x, and PG by y, 
then A'G^=A-\-j:, and AG=:A—x; and by the theorem we have 
A' : B'' : : iA^r^) {A-x) : y' 

Whence, Ay=A'B'-~B'''jP 

Or, Ay-\^B'x*=A^B'' 
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Thia is tte required equation in which the variable quantities, 
X and y, are called the co-ordinates of the curve, the first, x, being 
the abscissa, and the second, y, the ordinate; the center C from 
■which these variahle distances are estimated, is called the origin of 
co-ordinates, and themajorandminoraxesaretheitresof co-ordinates. 

Had we donoted A'G by x, without changing y, then we should 
have AG=2A-x, 

And A'' : JB* :: {2A—x) x : f 

Whence, ^^=-—J^Ax — a;'), which is the equation of the ellipse 
when the ori^ of co-ordinates is on the curve at A', 

SCHOtltTM 2. — If a circle be descrS)ed on either aaris of an eUipse 
a» a diameter, then any ordinate of ike circle to this aads is to the 
corresponding ordinate of the ellipse, as one half of this axis is to 
one half of the other axis. 

Hetaiaing the notation in Scholium 1, and producing the ordinate 
PG to meet the circumference described on A'A as a diameter, at 
-f*, we have, by the theorem, 

A-^:B^:: (A+x) (A-x) : y^ 

But iA-\-x) {A—x) =GP'^ 

Whence, A"^ : B^ : : GP''^ : y* 

Or, A -.B:: GP' -.y 

That Is, GP' -.y:: A -.B 

By describing a circle on BB' as a diameter, we may in like 



r prove that pg : 



iB-.A 



PROPOSITIO-N XIV. THEOREM. 

Tfie squares of the ordiiiate to either axis of an eUipse are 
to each other, as the rectangles of the coTresponding abscissas. 
Let AA' be the major, and BB' 
the minor axis of the ellipse, and 
j\ PG, P'G' any two ordinates to 
^ the first axis. Denoting C(? by 
• by X, CO-' by z', PG hjy and 
P'G' by y', we have, by Scho. 1, 
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Prop. 13, A''y^+B^x'^='A''B^ 

and A^y'^ + BH'^=A^B^ 

Whence, y^=-^{A''—x^)^-^{A+x) (A—x) W 

and ,jn^^(_A^—x"')^~{A+x') {A—x') (2) 

Dividing equation (1) by equation (2), member by mem- 
ber, and omitting the common factors in the numerator 
and denominator of the second member of the resulting 
equation, it becomes 

.V' (A+x) (A — x) 
f^ (A+x'){A—x') 

Ey simply inspecting the figure, we perceive that A+x 
and A — X represent the abscissas of the axis AA\ corres- 
ponding to the ordinate y; and A+x', and A — x' those 
corresponding to the ordinate j/'. 

By placing the two equations first written above, under 
liie form 

x"-^{B'-y") 
and proceeding as before, we should find 

i"-(JS+y')(_B-rt 
in which B+y, B — y are the abseessas of the axis BB', 
corresponding to the ordinate a:=CG=!P(/; and B+y', 
B — y' are those corresponding to the ordinate x'= CG'^ 
Pg'. 

Hence the theorem; ike squares of the ordinales, etc. 



PEOPOSITION XT— THEOREM. 

The parameter of the transverse axis of an eUipse, or, the la- 
tus rectum, is ike double ordinate to this axis through the focus. 
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Let F and F' be the foci of an 
ellipse of whici AA* and SB' re- 
spectively are the major and mi- 
nor axes. 

Through the focus F draw the 
double ordinate PP'. Then will 
PP* be the parameter of the major axis. 

We will denote the eemi-major axis by A, the semi- 
minor asia by B, the semi-ordinate through the focus by 
P, and the distance from the center to the focus by c. 

The ecLuation of the curve referred to the center and 
axis, is 

If in thia equation we substitute e for x, y will become 
P, and we have 

A^P^^B'<?=A^:^. 
Transposing the term S'^, and factoring the second 
member of the resulting equation, it becomes 
A^P^=B' {A^—(?) (1) 
In the right-angled triangle BCF, since BF=A (Prop. 
4) and Be=B, we have A^ — <f=^. 

Replacing A^ — (? in eq. (1) by its value, that equation be- 
comes 

A' ■P^=_B' -B" 
Or, by taking the square roots of both members, 

A-P=B-B 
Whence, A:B::B:P 

Or, 2A:2Bi:2B:2P 

2P is therefore a third proportional to the major and mi- 
nor axes, and (Def, 14) it is the parameter of the former 
axis. 
Hence the theorem; the parameter, etc. 
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PROPOSITION XVI.— THEOREM. 

The area of an ellipse is a mean proportional 
circles described, the one on the tn^or, and the other 
iwr axis as diameters. 

On the major axis AA' of the ^, q" 

ellipse represented in the figure, 
describe a circle, and suppose this 
axis to be divided into ^any num- 
ber of equal parts. 

Through the points of division 
draw ordinates to the circle, and 
join the extremities of these consecutive ordinates, and 
also those of the corresponding ordinates of the ellipse, 
by straight lines. "We shall thus form in the semi-circle 
a number of trapezoids, and a like number in the semi- 




Let G-M, G'H' be two adjacent ordinates of the circle, 
and gH (fB! those of the ellipse answering to them ; and 
let US denote (?a" hy Y, G'Why Y', gH\>jy,g'H' by 
y', and the part HH' of the asis by x. 

The trapezoidal areas, GHWG', gHH'g', are respect- 
ively measured by 

Y+ T y-k-v' 

—2 X and "-^ • x {Th. 34, B. I, Geom.) 

But (Prop. 13, Scho. 2) 

A:B:: Y:y 
■.:T:y' 
Hence (Th. 7, B. IT, Geom.) 

If the ordinates following Y*, y' in order, he represented 
by Y", y", etc., we shall also have 
3* 
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A.B..^l^:.t^- 



That is, any trapezoid in the circle will be to the cor- 
responding trapezoid in the ellipse, constantly in the ratio 
of A to B; and therefore the sum of the trapezoids in the 
circle will he to the sum of the trapezoids in the ellipse 
as J. is to B; and this will hold true, however great the 
number of trapezoids in each. 

Calling the first sum S, and the second s,we shall then 
have 

A:B::S:s 

But, when the number of equal parts into which the 
axis AA' is divided, is increased without limit, S becomes 
the area of the Bemi-circle and s that of the semi-ellipse. 

Therefore, A:B:i area semi-circle : area semi-ellipse. 

Or, A: B:i area circle : area ellipse. 

By substituting in this last proportion for area circle, ita 
value t:A^, it becomes 

A: B:: tzA? : area ellipse. 

Whence area ellipse=;rJ.5, 

which is a mean proportional between iiA^ and nW. 

Hence the theorem; ike area of an ellipse, etc. 

Scholium, — This theorem leads to the following rule in mensu- 
ration for finding the area of an ellipse. 

S,CLs.=Multi^iy the product of the semt-major and & 
axes hy 3.1416. 



PEOPOSITION XVII.— THE OEBM. 

If a cone he eat hy a plane making an angle with the hose less 
than that ynade by an element of the cone, the section is an el- 
lipse. 

Let Vhe the vertex of a cone, and suppose it to he cut 
by a plane at right-angles to the plane of the opposite 
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elemente, VN VB, these elements 
being cut by the firBt plane at A 
and _B. Then, if the secant plane 
be not parallel to the base of the 
cone, the section- will be an ellipse, 
of which AB is the major axis. 

Through any two points, F and 
if, on AB, draw the lines KL, MN, j 
parallel to the base of the cone, and 
through these lines conceive planes to be passed also pai 
allel to this base. The sections of the cone madb bj these 
planes will he circles, of which KGL and STIN are the 
aemi-eireumferences, passing the first through G, and the 
second through I, the extremities of the perpendiculars 
to BA, lying in the section made by the oblique plane. 

The triangles AFL, AHN, are similar; so also are the 
triangles BMH, BKF; and from them we derive the fol- 
lowing proportions: 

AF:FL::AH:HN 
BF:KF::BH:HM 
By multiplication, AFBF : FL-KF: : AH-BH: HN-HM 

Because KL is a diameter of a circle, and FG an ordi- 
nate to this diameter, we have 

KFFL=FG^', 

and for a hke reason, HM-HN=Hf 

Therefore, AFBF : FCt : : AH- KB : Wf 

or, AFBF: AHHB : : W : lU' 

This proportion expresses the property of the ellipse 
proved in (Prop, 14) ; and the section A GIB is, therefore, 
an ellipse. 

Hence the theorem ; if a oone be cut, elc, 
ScnoLiUM.— The proportion AF-BF: AH- EB::F~g' : Hi' 
wonld still hold trae, were the line AB parallel to tlic base of tlie 
cone, and the section a circle; the ratios would then l>otome equal 
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to unity. The circle may therefore be regarded as a particular c 




PROPOSITION XVIIL—THEOREM. 

If, from one of the vertices of each of two conjugate diameters 
of an ellipse, ordmates be drawn to either axis, the sum of the 
squares of these ordinates will be equal to the square of the 
other semi-axis. 
J.et APP' A' QQ' he 
an ellipse, of which 
AA' is the major and 
BB' the minor axis ; 
alBoletP§, P'^'be t^ 
any two conjugate 
diametera. Through 
the vertices of these 
diametera draw the tangente to the ellipae and the ordi- 
nates to the axea, as repreaeuted in the figure. Then we 
are to prove that 

CA'={Pgf+{P'g'f='Ca'+ CQ^ 
and C&={PQJ^{P'QJ={Cgf-^{C(sJ 

Now (by Prop, 11) we have 

OT:CA::CA: GG, 
a : OA : : CA : On 
GA'^OT^CG, W 

CA^=a'-Cti. 
OT-GO^Ca-On, 
which, resolved into a proportion, gives 

a : CT t : OG : On (2) 

By the construction, it is evident that the triangles 
OPT, Cqt, are similar, as are abo the triangles PGT 
and CQ'k. 



also, 
Whence, 



Therefore, 
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Prom these triangles we derive the proporUons 
«': GT: : CQ' : FT 
eg : FT: : On : GT 
"Whence, CT : CT:: On : GT 

Comparing the last proportion with proportion (2) 
above> we have 

CG:Gn::On:GT 
"Whence, {Crif=CG-GT 

But GT=CT—CG; then {Onf=OG (OT—CG), 
from which we get 

{Gnf+CG'=CG-CT=GA^ (Seeeq. 1.) 
Substituting, in this equation, for {Chif, its equalC(?' : 
itl: 



0A'=CG' + CG'* 
In a similar manner it may be proved that 

CB'=FG^-^WG'^ 
Hence the theorem ; if from, one of (he vertices of each, etc. 



PROPOSITION xix^theoeem:. 

The sum of the squares of any two corqugate diameters of 
an ellipse is a constant quantity, and equal to the sum of the 
squares of the axes. 

The annexed fig- 
ure, being the same 
as that employed in , 
the preceding prop- 
osition, by that prop- 
osition we have 

ca'^cg'+cg^ 

and CB'=FG^+F^'' 

By addition, CA'+W^CG'+FG'+OQ^+F^ 
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Bat CG and PG are the two sides of the right-anglecl 
triangle OPG, and CG' and P'G' are the two sides of 
the right-angled triangle CP'G' ; 

Therefore, OX ' + CB'='CP^+ CP'' 

Whence, 4 CA'+4 C5'=4 CP'+4 OP'" 
The first member of this equation expresses the 8um of 
the squares of the axes, and the second member the sum 
of the squares of the two conjugate diametera. 
Hence the theorem ; the sum of the squares of any two, etc. 



SITION XX.— THEOREM. 



The parallelogram formed hy drawing iangerds through the 
of an ellipse, is equal to 




vertices of any two conjugate 
the rectangle of the axes. 

Employing the 
figure of the last 
two propositions, we 
have, from proposi- , 
tion 18, 

c^'=Ug^+~cg' 

from-which, hy trans- 
position and factoring the second member, we get 

CG'={CA+CG') iCA—CG')=AO'-A'G' 
But ^ : CB" :: AG'-A' G' ■.P 'G^ ; (Prop. 13.) 

Whence, CA' : GB" : : Cf? : P'G^ 
Or, CAiCB :: CG : P'G'=gn G) 

But, CT: CA : : CA : CG (2) (Prop. 11.) 

Multiplying proportiona (1) and (2), term by term, 
omitting, in the first couplet of the resulting proportion, 
the common factor CA, and in the second couplet the 
common factor CG, we find 

CT: CB::CAi Q'n 
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Whence, CT- Q'n^ GA ■ CB 

Or, 4CT-Q')i=4aA-CB 

The first memlier of this equation measures eight times 
the area of the triangle CQ' T, and this triangle is equiva- 
lent to one half of the parallelogram CQ'mP, hecauae it 
has the same base, C^, as the parallelogram, and its vertex 
18 in the aide opposite the base. This parallelogram is 
obviously one fourth of that formed hy the tangent 
lines through the vertices of the conjugate diameters; 
iCT.Q'n therefore, measures the area of this parallelo- 
gram. Also, 4CLi-(T-B is the measure of the rectangle that 
would be formed by drawing tangent lines through the 
vertices of the major and minor axes of the ellipse. 

Hence, the theorem ; the parallelogram formed, etc, 

PEOPOSITION XXI .-T H B H E M . 

If a normal line be drawn to an ellipse at any poini, and 
also an ordinate to the major axis from, the same point, (hen 
will the square of the semi-major axis be to the sguare of the 
semi-minor axis, as the distance from the center to the foot of 
the ordinate is to the sub-normal on the major axis. 

Let P be the assumed point 
in the ellipse, and through this 
point draw the tangent PT", the 
normal FD, and the ordinate A'(- 
PG, to themajorasis; then C 
being the center of the ellipse, 
and A denoting the semi-major, and B the semi-minor 
axis, it is to be proved that 

A^ : & : : CQ : Da 

By {Prop, 13) we have 

A^::&::A'G-AG:Ta^ a) 

and because DPTm a right-angled triangle, and PG is a 
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perpendicular let fall from the vertex of the right^angle 
upon the hypotenuse, we also have 

(Th. 25, E. n, Geom.) 'PG'=DG-GT 
But A' G-A G= CQ- G T (Scho. 2, Prop. 12) 

Suhetituting in proportion (1), for the terms of the sec- 
ond couplet, their values, it becomes 

A^:£^::CG-GT:DG-GT 
or A^ : B' : : GG : BG. 

Hence the theorem ; if a normal line be dravm, etc. 
Cor. If CG=x, then this theorem will give for the 
_Bs 
HubnormaLZJG', the value — a:, which is its analytical ex- 

A^ 
preasion. 

PEOP08ITIOK XXII.-THEOEEM. 

If two tangents be drawn to an ellipse, the one through the 
vertex of the major axis and the other through the vertex of any 
other diameter, each meeting the diameier of Ike other produced, 
the two tangential triangles thus formed will be equivalent. 

Let Pi" be any diameter of 
the ellipse whose major axis 
is AA'. Draw the tangents 
AN&ni FT, the first meeting _i'h 
the diameter produced at N, 
and the second the axis pro- 
duced at T; the triangles CdJVand CPJ" thus formed a 
equivalent. 

Draw the ordinate PX>; then by similar triangles v 
have 

CD: 01:: CPiCN 

But CD:CA::CA:CT (Prop. 11) 

Whence CP: CM: iCAiCT 

Therefore, CP GT=^ CN- CA 
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Maltjplying both numbers of this equation by ein.C, 



itb 

CP- GT sin. C= CN- CA sin. C 

or, }CT-CP8m.C=lCA-CNsm.O (1) 

But CP-sm.C=PD, and CN-8m.0=AN; 
thereibre the first member of equation (1) measures the 
area of the triangle CPT, and the the second member 
measures that of the triangle CAN. 

Hence the theorem ; if two tangents be drawn to an, etc. 

Cot. 1. Taking the common area GAEP, from each 
triangle, and there is left /^PSN=^AET. 

Gar. 2. Taking the common i^CDP, from each trian- 
gle, and there is left AP-Dr=trapezoidal area PDAN. 

PEOPOSITION XSIII.— THEOEBM. 

The supposiUim of Proposition 22 being retained, ihen,ifa 
secant line be drawn parallel to the second tangent, and ordi- 
naies to the major axis be drawn from the points of intersec- 
tion of the secant with the curve, thus forming two other tri- 
angles, these triangles will be equivalent each to each to the cor- 
respmdiMg trapezoids cut off, by the ordinates, from the trian- 
gle determined by the tangent through the vertex of the major axis. 

Draw the secant QnS par- 
allel to the tangent PT, and 
alaothe ordinates Qjff,w^, pro- 
ducing the latter to p. Then , 
is AS§JJ=trapezoid ANVB, 
and Aj^=trapezoid ANpg. 

The three triangles, CVM,GPD,CNA are similar, by 
construction; therefore, 

ACNA : aCPD ■.-.CA^:: C5' 

Whence, 

trapezoid ^iVPD : aCWA : : CA''—CJT: Oi'W 

(Th. 8, B. n, Geom.) 
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In like manner, 

trapezoid ANVH : ACNA : : CT—CE' : CU' ^^^ 
Dividing proportion (1) \iy (2), term by term, we get 
trapezoi d ANFD ~CA^—{W 

trapezoid ANVR ' ' ' ~Q^ GZ? 

"WTience, 
trapez. ANPD .-trapez. ^A'FJ; : : CA^—Tfl)^ : CT—CB' 

But PD^ : qS,'' : : A'D'DA : A'S-BA, (Prop. 14) ; 
and since 

A'D^CA+CD, A'Ii=CA+CB, DA=OA—CDatid 
SA=CA—CS, we have 

TB^ : QM^ : : (CA+CB) {CA^CD) -.{CA+CE) 
(CA—CE):: CA^—CS' : CA'—ck 
Therefore, 

trapezoid ANPD : trapezoid ANYE : :TT>'' : 'QR\ 
But the trapezoid ANPI>=aTPD, (Cor. 2, Prop. 22); 
whence, 

aTPB : trapezoid ANVE : : PD' : : 'QE" 0) 
and since the triangles TPD and SQE are similar, we 
have 

ATPB : ASQE : : PJf : 'QE^ t*) 
By comparing proportions <3) and (*) we find 

aTPD : trapezoid ANVE : : ATPJ) : aSQE 
"Whence, trapezoid ANVE=aSQE; 
and by a similar process we should find that 
trapezoid ANpg=ASiig. 
Hence the theorem ; if a secant line he drawn parallel, etc. 
Cor. 1. Taking the trapezoid ANpg from the trapezoid 
ANVE, and the ASng from the ASQE, we have 
trapezoid ^^F!H=trapezoid^§^. 
Cor. 2. The spaces ANVE, TP VE, and SQE are equiv- 
alent, one to another. 

Cor. 3. Conceive QE and §5' to move parallel to their 
present positions, until E coincides with C; then QE 
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becoiaes the semi-minor axis, the space ANVJi the tri- 
angle ANC, and the /\QSS eciuivalent to the aCPT. 



PROPOSITION XXIV.THEOEEM. 

Any diameter of the ellipse bUeds all of the chords of the el- 
lipse drawn parallel to the tangent through ike vertex of the 
diameter. 

By Cor. 1 to the preceding 
proposition we have 
trapez. gp Vi?=ti'apez. gnQS. 
If from each of these equals 
we siihtract the common area 
jmm YM, tliere will remain the 
^ijrmp, equivalent to the AQm V; and as these triangles 
are also equi-angular, they are absolutely equal. 

Therefore, Qm=mn. 

Hence the theorem ; am/ diameter of the ellipse bisects, etc. 

Remark. — The property of the ellipse demonstrated in this 
proposition is merely a gcneraliaation of that previously proved in 
Prop. 3. 




of 
z of the corresponding ordi- 



PE0P08ITI0N XXT.— THEOEEM. 

The square of any semi-diameter of an ellipse is to the & 
of its semi-conjugate, as the rectangle of any two 
the former diameter is to the scpic 
nate. 

Let AA''be the major axis 
of the ellipse, CP any semi- 
diameter and OF* ita semi- 
conjugate. Draw the tan- 
gents TF and AN, the ordi- 
nate Qm, producing it to meet 
the axis at S; and F* V, parallel to AN, and in other 
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reepecta make the eonstruetion as indicated in the figure. 
It is then to he proved that 

CP" : op" : : Ihn-mP' : Q^ 

Now in the present construction, the triangles OP'R' 
and CV'I£ take the place of the triangles SQB and CVE 
respectively, in Prop. 23; and hence by that proposition, 
tlie triangles CF' V, CAN, and CPT are equivalent one 
to another. 

The triangles CPT and CmS are similar ; therefore, 

AGPr : ^(hnS: -.CP'-.'Qm 
Whence, 

ACPT : ^CPT—/^CmS : : 'CP^ I'cF—Om 
Or, AGP?": trapez. mPTS : : CP' : CP'—'C^ (^^ 
From the similar triangles, CP' V and niQ V, we have 

ACP'F': Am^F:: CP' : J^' 
But area SmVR+ £^CVP+ ^mqV= area SmVR+ 
ACF^+trapez. mPT8, (Prop. 23.) ; therefore, AmQ V= 
trapez. mPTS; also AaP'F'=ACPr. 

Substituting these values in the preceding proportion, 
it becomes 

ACPT: trapez. mPTS : : CP' : mQ^ (^> 
By comparing proportions (1) and (2), we get 

CP^ : GP — ttii' : : CF" : mQ' 
Or, GP^ : CP'^ : : 'CP^—On : ^ 

"WTience, CP' : CP' : : (CP+Om.) (CP—Cm) : m^ 
Or, 01^ : CP" : : P'm-mP : m^ 

Hence the theorem; the square of any semi-diameter, etc. 
Remark. The property of the ellipse relating to conjugate 
diaoneters, estahliahed by this proposition, is but the generalization 
of that before demonstrated in reference to the axes, in Prop. 13. 
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THE PARABOLA. 



DEFINITIONS. 



1. The Parabola is a plane curve, generated "by the 
motion of a point Bubjeeted to the condition that its 
distances from a fixed point and a fixed straight line shall 
be constantly equal. 

2. The fixed point is called the -^ 
focus of the parabola, and the fixed 
line the directrix. 

Thua, in the figure, i^is the focus i 
and BE' the directrix of the para^ 
bola PVP'P", etc. B ■ ^ 

3. A Diameter of the parabola is a line drawn through 
any point of the curve, in a direction from the directrix, 
and at right-angles to it. 

4. The Vertex of a diameter is the point of the curve 
through which the diameter is drawn. 

5. The Principal Diameter, or the Axis, of the parabola 
is the diameter passing through the focus. The vertex of 
the axis is called the jmncipal vertex, or simply the vertex 
of the parabola. 

The vertex of the parabola bisects the perpendicular 
distance fi:om the focus to the directrix, and all the diam- 
eters of the parabola are parallel lines. 

6. An Ordinate to a diameter is a straight line drawn 
from any point of the curve to the diameter, parallel to the 
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tangent line througli its vertex. Thus, 
PD, drawn parallel to the tangent V T, 
is an ordinate to the diameter VD. It 
will be shown that DP=DG; and hence 
PG- is called a double ordinate. 

7. A]i Ahscissa is the part of the diam- 
eter between the vertex and an ordinate. 
Thus, VD is the abscissa corresponding 
to the ordinate PD. 

8. The Parameter of any diameter of the parabola is 
one of the extremes of a proportion, of which any ordi- 
nate to the diameter is the mean, and the corresponding 
abscissa the other extreme. 

9. The parameter of the axis of the parabola is cal'ed 
the principal parametet, or simply the parameter of the 
parabola. It will be shown to be equal to the double 
ordinate to the axis through the focus. Thus, P£', the 
chord drawn through the focus at right-angles to the axis, 
is the parameter of the parabola. 

The principal parameter is sometimes called the latus- 
rediim. 

10. A Sub-tangent, on, any diameter, is the distance from 
thepoint of intersection of a tangent line with the diameter 
produced to the foot of that ordinate to this diameter tliat 
is drawn from the point of contact. 

U. A Sal)-normal, on any diameter, is 
the part of the diameter intercepted be- 
tween the normal to the curve, at anypoint, ^ 
and the ordinate from the same point to 
the diameter. Thus, in the figure, F'iV 
being any diameter, PT a tangent, and 
PiV a normal at the point P, and PQ an 
ordinate to the diameter; then TQ is a sub-tangent and 
QNa sub-normal on this diameter. 
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"When the terms, eub-tangent and sub-normal, are used 
without reference to the diameter on which they are ta- 
ken, the axis will always be underutood. 



PROPOSITION I.— PROBLEM. 



To describe a parabola n 

Let CD be the given line, and F the -\ 
g^veu point. Take a square, as DBG, 
and to one side of it, &B, attach a thread, 
and let the thread be of the same length ii ^ 
asthesideG'^ofthesfiuarc. Fasten one i 
end of the thread at the point G, the other end at F. 

Put the other side of the square against the given line, 
CD, and with the point of a poueil, in the thread, bring 
the thread up to the side of the square. Slide the side 
BD of the square along the line CD, and at the same time 
keep the thread close against the other side, permitting 
the thread to slide round the point of the pencil. As the 
aide BD of the square is moved along the line CD, the 
pencil will describe the curve represented as passing 
through the points T^and B. 

For eP+Pi'Wthe length of the thread, 

and G-P+FB^the length of the thread. 

By subtraction, PF—FB=0, or FF=PB. 

This result is true at any and every position of the 
point P; that is, it is true for every point on the curve 
corresponding to definition 1. 

Hence, _FF= YH. 

If the square be turned over and moved in the opposite 
direction, the other part of the parabola, on the other side 
of the line FH, may be described. 

C<yr. It is obvious that chorda of the curve which are 
perpendicular to the axis, are bisected by it. 
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PEOPOSITION II.— THEOBBM. 

Any point within the parabola, or on the concave side of 
the curve, is nearer to the focus than to the directrix; and any 
point without the parabola, or on the convex side of the curve, 
is nearer to the directrix than to the focus. 

Let Fh& the focas and HB' the directrix j 
of a parahola. 
First. — Take^, any point within the curve. 
From A draw AF to the focus, and AB per- • 
pendicular to the directrix; then will AF 
be les3 than AB. 

Since A is within the enrve, and B is without it, the 
line AB must cut the curve at some point, as P. Draw 
PF. By the definition of the parabola, PB=PF; adding 
PA to each member of this equation, we have 
PB+PA=^BA=PA+FF 
But PA and Pi*" being two sides of the triangle APF, 
are together greater than the third aide AF; therefore 
their equal, BA, is greater than AF. 

Second. — ^Now let ua take any point, as A', without the 
curve, and from this point draw A'F to the focus, and 
A'B' perpendicular to the directrix. 

Because A' is without the curve and F is within it, 
A'F must cut the curve at some point, as P. From this 
point let fall the perpendicular, BP, upon the directrix, 
and draw A' B. 

As before, PB=PF; adding A'P to each member of 
this equation, and we hme A'P+FB=A'P+PF=A'F. 
But A'P and PB being two sides of the triangle A'PB, 
are together greater than the third side, A'B; therefore 
their equal, A'F, is greater than A'B. Now A'B, the hy- 
potenuse of the right-angled triangle A'BB' is greater 
than either side; hence, A'B is greater than A'B' ; much 
more then ia ^'i*' greater than A'B'. 

Hence the theorem ; any point mthin the parabola, etc. 
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Cor. Conversely: If ike distance of any foint from the 
directrix is less than the distance from the same point to the fo- 
cus, such point is without Ike parabola; atid, if the distance 
from any point to ike directrix is greater than ike distance from 
the same point to ike focus, suck point is within ike parabola. 

First. — Let A' be a point so taken that A'B'<A'F. 
Now A' is not a point on the curve, since tbe distances 
A'B' and A'F are unequal; and A' is not within the 
curve, for in that case A'B' would be greater than A'F 
according to the proposition, which is contrary to the liy- 
pothesis. Therefore A' being neither on nor within the 
parabola, must be without it. 

Second. — ^Let ^4 be a point so taken that AB';:>AF. 
Then, as before, A is not on the cun'e, since AF and AB 
are unequal; and A is not without the curve, for in that 
case AB would he less than AF, which is contrary to the 
hypothesis. Therefore, since A is neither on nor without 
the parabola, it must be within it. 

PBOPOSITION III— THEOREM. 

If a line be drawn from tke focus of a parabola to any point 
of the direcirix, ike perpendicular ikat bisects this line will be a 
:t to the curve. 




Let F he the focus, and HD the di- 
rectrix of a parabola. 

Assume any point whatever, as _B, in B ^ 
the directrix, and join this point to the 
focus iy the line BF; then will iA, the "rvF~ 
perpendicular to ^ii' through its middle point t, be a tan- 
gent to the parabola. Through B draw BL perpendicu- 
lar to the directrix, and join P, its intersection with (P, 
to the focus. Then, since P is a point in the perpendic- 
ular to BF at its middle point, it is equally distant from 
the extremities of BF; that is, PB^PF. P is there- 
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fore a point in the parabola, (Def. 1). Hence, the line iP 
meeta the curve at the point P. 

"We will now prove that all other points in the line IP 
are without the parabola. Take A, any point except P 
in the line tP, and draw AF, AB; also draw AD perpen- 
dicular to the directrix. AF is equal to AB, because A 
is a point in the perpendicular to BF &i its middle poiut; 
but AB, the hypotenuse of the right-angled triangle ABD, 
is greater than the side AD; therefore AD is lesa than 
AF, and the point A is without the parabola. (Cor., 
Prop. 2). The line lA and the parabola have then no 
point in common except tlio point P. This line is there- 
fore tangent to the parabola. 

Scholium 1. — The triangles £1^ and FFt are equal; therefore 
the angles FPt aod BFt are equal. Hence, to draw a taugent to 
the parabola at a ^ven point, we have the following 

RuiiE. — From the given point draw a line to the focus, and an- 
other perpendicular to the directrix, and through the given point 
drain a line bisecting the angle formed hy these two lines. The bi- 
secting line win be the required tangent. 

ScHOtitTM 2. — Just at the point P the tangent and tie curve co- 
incide with each other; and the same ia true at every point of the 
curve. Now, because tlie angles BPt and FPt are equal, and 
the angles BPt and LPA are vertical, it follows that the angles 
LPA and FPt are equal. Hence it follows, from the law of re- 
flection, that if rays of light parallel to the axis VF be incident 
upon the curve, they will all he reflected to the focua F. If there- 
fore a reflecting surface were formed, by turning a parabola about 
its axis, all the rajs of light that meet it parallel with the axis, will 
be reflected to the focus ; and for this reason many attempts have 
been made to form perfect parabolic mirrors for reflecting telescopes. 

If a light be placed at the focus of such a mirror, it will reflect 
all its rays in one direction ; hence, in certain situations, parabolic 
mirrors have been made for lighthouaea, for the purpose of throwing 
all the light seaward. 

Cot. 1. The angle BPF continually increases, as tlie 
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pencil P moves toward V, and at Fit becomes equal to 
two right angles; and the tangent at Fis pei-pendicular 
to the axis, which is called the vertical tangent. 

Cor. 2. The vertical tangent bisects all the lines drawn from 
the focus of a parabola to the directrix. 

Let Vt be the vertical tangent ; then because the two 
right-angled triangles FVt and FHB are Bunilar, and 
VF= VH, we have Ft=tB. 



PEOPOSITION I v.— THEOEEM. 

The distance from the focus of a parabola to the point 
of contact of any tangent line to the mrve, is equal to the dis- 
tance from the focus to the intersection of the tangent with the 
axis. 

Through the point P of the parabola 
oi which F is the focus and SH the 
directrix, draw the tangent line PT, 
meeting the axis produced at the point x H v f d 
T; then will FP be ecLual to FT 

Draw PB perpendicular to the directrix, and join F,B. 

The angles BPT and TPF are equal, (Scho. 1, Prop. 3) ; 
and since PB is parallel to TC, the alternate angles BPT^ 
and PTC are also equal. Hence the angle TPF is equal 
to the angle PTF, and the triangle PFT is isosceles; 
therefore FP=FT. 

Hence the theorem ; the distance from the focus to, etc. 

Scholium. — To draw a tangent line to a parabola at a given point, 
we have the following 

Rule. — Produce the axis, and lay off on it from the focus a dis- 
tance equal to the distance from the focus to the paint of contact. 
The line drawn through the point thus determined and the given, 
point wiU he the required tangent. 
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PKOPOSITION T.— THEOEPiM. 

The perpendicular distance from the focus of a parahola to 
any tangent to the curve, is a mean proporticmal between the 
distance from the focus to the vertex and the distance from 
the focus to the point of contact. 

In the figure of tlie preceding propoai- 
tiou draw in addition the vertical tangent 
Vt; then we are to prove that Ft = 
VF-FP. Because TtF and VFi are fii v f d 
eimUar right-angled triangles, we have 

TF : Ft : : Ft : VF, But TF^PF, (Prop. 4) ; 
therefore, PF : Ft : : Ft : VF 

"Whence, 'Wi=PF. VF 

Hence, the theorem ; the perpendicular distance from,elc. 

PROPOSITION TI .— T H E O E B M . 

The suh-tangmt on the axis of the parabola is bisected at 
ike vertex. 

In the figure which is constructed f 
in the two preceding propositions, draw 
in addition the ordinate PD, from the 
point of contact to the axis ; then we T h v f d 
are to prove that TD is bisected at the vertex V. 

The two right-angled triangles TFt and tFP have the 
Bide Ft common, and the angle FTt equal to the angle 
FPl; hence the remaining angles are equal, and the tri- 
angles themselves are equal; therefore tT=tP. From the 
similar triangles TDP, TVl, we have the proportion 
Tt:tP:t TV: VD 

But (7'=(P; whence TV= VD 

Hence the theorem ; the suh-tangait on fke axis, etc. 
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Cot. Since 2'F=^T'Z), it follows that Vt^lPD. That 
is, The fari of the veriieal (anient included between the vertex 
and any tangent line to ike parabola, is equal to one half of the 
ordinate to the axis from ike point of contact, 

FEOPOSITION VII.— TUEOEEM. 

The sub-normal is equal to twice the distance from the focus 
to the vertex of the parabola. 

In the figure (which is the same as that 
of the last thi-ee propositions), PC is t 
normal to the parabola at the point C, 
and DC is the aub-normal ; it is to be f h v~f"d~ 
proved tliat I>G=2FV. 

Because SH and PD are parallel lines included be- 
tween the parallel lines HP and HD, they are equal. 
PF and PC are also parallel, since each is pei-pendicular 
to the tangent PT; hence BF=PG, and also the tvTO tri- 
angles HBF and i)_PC are equal. 

Therefore I1F=DC; 

hut HF=^FV; 

whence DC=FV. 

Hence the theorem ; the sub-normal is equal to twice, etc. 

Scholium. — This proposition suggests another easy process for 
eonstmcting a tangent to a parabola at a given point. 

Rule. — Draw an ordinate to the axis from a given point, and 
from the foot of tJtis ordinate lay fff on the axis, in the opposite 
direction of the vertfx, twice the distance from the foctm to the 
vertex. Throvgh the point thus determined and the giren point 
draw a line, and it icdl hf tlie required tangent. 

FEOPOSTTION V 1 1 1.— T H E O E E 3*1. 

Any ordinate to the axis of a parabola is a mean proportion- 
al heMeen the corresponding svb-lani/ent and sub-normal. 
5 ' D ■ 
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Assiimeanypoi it, as P, in the panibo- 
hi of whiob ^' is tlie focus and II B tlie 
ttireetrix, Tlirough this point draw the 
tangent FT, the normal PC, and the or- t~h 
dinate PD to the axis. Then in reference to the point P, 
TD is the suh-tangent, and ^6' the sub-normal on the 
axis ; and we are to prove that 

TD : PD : : PD : DC 

The triangle TPC is right-angled at F, and PD is a 
peifendieular let fall from the vertex of this angle upon 
the hypotenuse. Therefore, FD is a mean proportional 
between the segments of the hypotenuse, (Th. 25, B, II, 
Geom.) 

Hence the theorem ; avy ordinate to the axis, etc. 

ScHOiiUM 1. — For a ^ven parabola, the fourth term of the pro- 
portion, TD : PD : : PD : DC, is n constant quantity, and equal 
to twice the distance from the focua fo the vertex, (Prop. 7). By 
placing the product of the means of this proportion equal to the 
product of the extremes, we have 

PD'—TDDC=lTD-2DC,wMohm!ij he again ks6\y&A into the 
proportion 

^TD:PD::PD:2D0 

Or, VD:PD: ■.PD:2D0 

But VD is the abscissa, and FD is the ordinate of the point P; 
henoe (Def. 8) 2DCis the parameter of the parabola, and is equdi 
to four times the distance from the focus to the vertex, or to twice 
the distance from the focus to the directrix. 

Scholium 2.— If we designate the ordinate PD by y, the abacissa 
VD by X, and the parameter by 2p, the above proportion becomes 
x^: y: : y : 2p 

Whence, y =2px. 

This equation expresses the general relation between the abscissa 
and ordinate of any point of the curve, and is called, in Analytical 
Geometry, the equation of the parabola referred to its principal ver- 
tex as an origin. 

Cor. The suh-normal in the paraiola is eqtial to one-half of the 
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PEOFOSITION IX.— THEOREM. 

The parameler, or htus rectam, of the -parabola is equal to 
tiuioe that ordinate to the axis which passes through the focus. 

Let F be the focus, and SB' the direc- 
trix of a parabola ; and through the focus " ~ 
draw a perpendicular to the axis intersecting _ 
the curve at F and I". From P and r let fall 
the perpendiculars PB, P'B', on the dircc- b* - 
trix. Then will %PF he equal to ^FR, or 
to the parameter of the parabola. 

By the definition of the parabola, PF^PB ; and be- 
cause PP' and BB ' are parallel, and the parallels PB and 
FM are included between them, we have PB=FH. 

Hence PF=F1I, or 2PF=2FB:== the parameter. 

Cor. Since the axis bisects those chords of the parabola 
which are perpendicular to it, FP=FP'. That is, 
FP"; therefore PP'=2FH. That is, 

The -parameter of the parabola is equal to the double ordi- 
nate through the focus. 

PROPOSITION X— THEOREM. 

The squares of any two ordinates to the axis of a parabola 
are to each other as their corresponding abscissas. 

Let y and y' denote the ordinates, and x and x' the 

ahsciseas of any two points of the parabola; then, by 

Scho. 2, Prop. 8, we have the two following e(juation8 : 

y^=2px and y'^=2px' 

Dividing the first of these equations by the second, 

member by member, we have 

J/* 2px _x 
y'^ Ipx' x' 
Whence ^ : y'^ : : x : x' 

Hence the theorem ; the squares of any two ordinates, etc. 
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PEOPOSITION XI.— THEOEEM. 

If a perpendicular be drawn from the focus of a parabola 
to any tangent line to the curve, the intersection of the perpen- 
dicular with the tangent will be on the vertical U 

Let F be the focus, and BS the di- 
rectrix of the parabola, and FT a tan- 
gent to the curve at the point F. From 
J' draw FB perpendicular to the tangent, t k V f d 
intersecting it at t, and the directrix at B. "SVe will now 
prove that__the point ( ia also the intersection of the ver- 
tical tangent with the tangent FT. 

Because the triangle TFF is isosceles, the perpendicu- 
lar Ft bisects the base FT; therefore tP=tT. Again, 
since V( and BF are both perpendicular to the axis, they 
are parallel, and the vertical tangent divides the sides of 
the triangle TFF proportionally. 

Hence, TV: VD:: Tt: tP; but TY= VJD (Prop. 6) 
therefore, Tt=iF. 

That is, the tangent FT is bisected by both the perpen- 
dicular let fall upon it from the focus, and the vertical 
tangent. Therefore the tangent FT, the vertical tangent 
and the perpendicular FB, meet in the common point t. 

Hence the theorem ; if a perpendicular he drawn, etc. 

PEOPOSITION XII. -THEOREM. 

The parameter of the parabola is to the sum of any two or- 
dinates to the axis, as the difference of thase ordinates is to ike 
difference of the corresponding abscissas. 

Take any two points, as P and Q, in the parabola repre- 
sented in the following figure, and through these points 
draw the double ordinates Fp and Qq. YD and VE are 
the corresponding abscissas. 

Draw PS and pi parallel to the flxis. Thm since 
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PD=Dp and QE=Eq, we have QE-irPD 
= Qi, equal to the sum of the two ordinates ; 
and QE — PD=QS, equal to their differ- 
ence; also VE—VD=I}E, equal to the vj 
difference of the corresponding absciaaae. 
We are now to prove that 

2:p : Ql : : QS ; DE 
in which %> denotes the parameter of the 




Because PD and QE are ordinates to the axis, we have 
{Scho. 2, Prop. 8) 

PJf=^- YB (1) 

and QE^=2p-VE (2) 

Whence QE''—Pff=2p {VE-~VI))=2p-DE (3) 

But QE^—PB'=(QE+PD} {QE—PD)=Qt-QS, 

therefore Qt- QS=2p-DE (4) 

"Whence 9.p i Ql i i QS -. BE 

Hence the theorem ; the parameter of the parabola, etc. 

Cor, By dividing eq. (*) by eq. (2), member by member, 
we obtain 

Qt-QS_I>E 

qe'~ve 

Whence VE : BE: : 'QW : Qt-QS 



peopositiOn XIII— theorem. 

If a tangent line be drawn to a parabola at any point, andfrmn. 
any point of the tangent a line be drawn parallel to the axis 
terminating in the double ordinate from the point of contact, 
this line will be cut by the curve into parts having to each other 
the same ratio as the segments into which it divides the dmtble 
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Take any point as P in the parabo- 
la represented in the figure, and of 
which VD is the axis, and through 
this point draw the tangent FT to the 
curve, and the double ordinate FQ to 
the ajds. Assume a point in the taa- 
gent at pleasure, as A, and through it 'P/~ 
draw A C parallel to the axis, cutting " 
the curve at B and the double ordinate at C. Then we 
are to prove that 

AB:BCt:FC: CQ 
By similar triangles we haLve 

PG : CA '. : FD : DT; but I>T=2DV (Vto^. 6) 
therefore PC : CA : : PD -. 2DY (i) 

But DViPD::PI) : 2? (Scho. 2, Prop. 8) 

or 2I)Vi PD::2PD:2p. 

Inverting terms, PD 1 2DV: : 2p : 2PI>=PQ (2) 
By comparing proportions (1) and (2), we get 

PC: CA::2p:FQ 
But 2p: CQ:: PC: BC (Prop. 12) 

Multiplying the last two proportions, term by term, we 
have 

2p-PC: GA-CQ: : 2p-PG: BGPQ 
The first and third terms of this proportion are equal ; 
therefore the second and fourth are also equal. Hence 
we have the proportion 

GA:BG::PQ:GQ 
Wlienee by division, CA—BC :BCi\ PQ—CQ : CQ 
or AB:BC::PC: CQ 

If we take any other point, H, on the tangent, and 
through it draw the line SL parallel to the axis, inter- 
secting the curve at K and the ordinate at L, we will 
have, in like manner, 

B:K:KL: :PL:LQ 
Hence the theorem ; if a tangent be drawn, etc 
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PROPOSITION" X IT.— THEOREM. 

If any two points be taken on a tangent Une to a parabola, aiid 
:^-roagk these points lines parallel to the axis be drawn to meet 
ike curve, such lines wUl be to each other as the squares of Ike 
d stances of the points from the point of contact. 

The figure and conatruction being 
the same as in the foregoing proposi- 
tion, we are to prove that 

"We have 
AB : BC : : PC : CQ (1) (Prop. 13.) 

Multiplying the terms of the second p/ 
couplet of this proportion by PC, it / 
becomea 

ABtBCi-.yC^: PC-CQ_ (2) 
But, {Cor, Prop. 12) VD-.BC:: Pif : PG'CQ (3) 
Dividing proportion (2) by proportion (3), term by term, 
we have 

VB P^ 

Whence, AB : VD i : P C^ : PB* f*> 

From the similar triangles, APG and TPD, we get the 

proportion ^^ ^__ 

Pi' : Pf : : PC'' : PI)' <-^^ 
By comparing proportions (*) and (5) we find 
AB: VD-.-.^A^-.pT '^^> 
In like manner we can prove that 

SK: VD:: PB' : Tf" ^^ 
Dividing proportion (6) by proportion (1), term by term, 
we have 

HK ' ' ' Plf ' 

"WTienoo, AB : HK : : Pa' : PE' 

Hence the theorem ; if any two pomt3 be tahen, ets. 
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Application. — Conceive PH to be the direction in wMch a body 
thrown from the surface of the earth, would move, if it were undis- 
turbed by the resistance of the air and by the force of gravity. It 
would then moye along the line PH, passing over equal spaces is 
equal times. When a body falls under the action of gravity, one of 
the laws of its motion is, ^ia.i ike spctces are proportional to ike squares 
of the times of descent ; hence, if we suppose gravity to act upon 
the body in the direction AC, tie lines AB, TV, HK, etc., must 
be to each other as the squares PA^ , PT', PS', etc. ; that is, the 
real path of a projectile in vacuo, possesses the property of the 
parabola that has been demonstrated in this proposition. In other 
words, 

The path of a projectile, undi&twrhed hy the resiitance of the air, 
is a parabola, more or less curved, depending upon the direction and 
intensity/ of the projectile force. 



PROPOSITION ST.— THEOREM. 

The abscissas of any diamekr of the paraiola are to each 
other as the squares of their corresponding ordimtes. 

Let P be any point on a parabola, 
PL a tangent line, and PF a diame- 
ter through this point. From the 
points B, V,K, etc., assumed at pleas- 
ure on the curve, draw ordinatea and 
T>aralle]e to the diameter, forming the 
quadrilaterals PCBA, PDVT, etc. 

Now, since the ordinatea to any di- 
ameter of the parabola are parallel to 
the tangent line through the vertex of that diameter, 
these quadrilaterals are parallelograms and their opposite 
sides are equal. But, by the preooding proposition, wo 
have 

AB:TY: HK, etc., : iTT : Tf : PS\ etc. 
or PC.PD: PE, etc., : : ~BCf : Td" : KE\ etc. 
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By definition 6, PC is the ordinate and BC the abscis- 
sa of the point B, and bo on. 

Hence the theorem ; the abscissas of any diameter, efc. 

PROPOSITION X VI.— THEOREM. 

If a secant line he drawn parallel to any tangent line to the 
'parabola, and ordinaiea to the axis be drawn from the point of 
contact and the two intersections of the secant with the curve, 
these three ordinates will be in arithmetical progression. 

Let CThe the tangent line to the 
parabola, and £^.Htheparallel secant. 
Draw the ordinates EG, CD, and 
HI, to the axis VI, and through E ■ 
draw i^S" parallel to VI. 

We are now to prove that 

:e:g+si=2cd 

The similar triangles, HKE and CBT, give the pro- 
p .rtion 

HK-.KE:: CD : DT=2VD 
and, by proposition 12, we have 

2p : KL : : HK : KE. 
Therefore 2p : KE : : CD : 2 VD, (1) 

and from the equation, i/°=2^z, we get, by making 3/= CD 
saiAx=rD, 

2p: 2CD:: CD : 2VD (2) 

By dividing proportion (1) by (2), term by term, we 
shall have 

1:2^::1:1 

Wlence KL—2CD 

But KL~HI+KI=HI+EG; 

therefore HI+EG=-2CD 

Hence tlie theorem ; if a secant line be drawn, etc. 
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Scholium 1.— If we draw CM parallel, and jtfJV perpendicular 
to VI, then 2GD=2MIf=EGArSI; and since MNh parallel ia 
each of the lines EG and HI, the point M hisects the line EH. 
That is, the diameter through bisects ita ordinate EH; and aa 
HE is any ordinate to this diameter, it follows that 

A diameter of the parabola divides into equal farU all chords of 
the curve parallel to (Ae tangent through the vertex of the diameter. 

Scholium 2, — Hence, as the abscissas of any diameter of the 
parabola and their ordinates have the same relations as those of the 
axis, namely; that the ordinates are bisected by the diameter, and 
their squares are proportional to the abscissas ; so all the other prop- 
erties of this curve, before demonstrated in reference to the abaoia- 
sas and ordinates of the axis, will likewise hold good in reference to 
the abscissas and ordinates of any diameter. 

FBOPOSITION XTII—^THEOEEM. 

The square of an ordinate to any diameter of the parabola 
is equal to four times the product of the corresponding abscissa 
and the distance from the vertex of that diameter to the focus. 

Let FXbe the axis of aparaola, .^^'^^'^ 

and through any point, aa P, of the n, — S<5— — I ^ 

curve, draw the tangent PT*, and 
the diameter PW; also draw the i-^ 
secant §3, parallel FT, and pro- 
duce the ordinate §i\^, and the di- 
ameter P W, to meet at D. From the focus let fall the 
perpendicular P'F upon the tangent, and draw F Pand 
YY. "We are now to prove that 
"Qo=^FF-Bo 

Because JT is perpendicular to FT, Qe parallel toPT 
and Bq parallel to each of the lines PM and VY, the 
triangles DqV, PMT, PFFand TTIFare all similar. 

"Whence Qc : 'QD' : : PF' : ~YF' (1) 

But "2^=PF and l^'=Pi^FP'. (Prop. 5) 
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Substituting these values in proportion (1) and dividing 
the third and fourth terms of the result by FF, it becomes 

~^v : 'QD^ ■.-.FF: VF (2) 

Again, from the triangles QDv and PMT we get 
QDiDv -.iFMi MT=2 VM 
: : FM' : 2FM- VM 
But (Scho. 2, Prop. 8) PM'^iVF- VM 
"Whence QD : Dv : : iVF-VM: 2PM-VM; 

: ■.'iVF:2PM 
therefore 2PM- QI)=4 VF-Dv (3) 

By subtracting the equation QW'=4:VF-VN'froui tho 
equation PiM*=4 VF- VM, member from member, we 
have 

PM^^QN'=iVF- (VM—VN) 
=iVF-NM 
=^iVF-DP 
"Whence 
{PM+QN) {PM—qN)={FM+qN) DQ=4:VF-DP (4) 
Subtracting eq. {*) from eq. (3), member from member, 
we obtain 

{PM—QJV} C§=4 VF {Ih—DP)=i VF- Pu 
and because FM^QN=I>Q, this last equation becomes 

^=iVF-Fo 
Substituting this value of DQ in proportion (3), we have 
^^ liVF-Pe: : PF-.VF 
or ip -.APv:: FF : 1 

Whence Qv=4,PF- Pv 

Hence the theorem ; the square of an ordinate, etc. 
Cor. If, in the course of this demonstration, we had 
used the triangle vdq in the place of vDQ, to which it is 
similar, we would have found that qv^=4:PF-Pv; whence 
Qv=qv. And since the same may be proved for any ordi- 
nate, it follows that 
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All the ordinales of the parabola to any of its diameters are 
bisected by that diameter. 

Scholium, — The parameter of any diameter of the parabola has 
been defined (Def. 8) to be one of the estremes of a proportion, of 
which any ordinate to tke diameter is tte mean and the eorrespondiDg 
abscissa tte other extreme. 

Now, we haYC just shown that Qv'=qv'^iPF-I^. 

Whence, 1^ : Qb : : Qv: iPF. iFF, which remains constant 
for the same diameter, ia therefore the parameter of the diameter 
PW. And as the same may be shown for any other diameter, we 
conclude that 

The parameter of any diameter of the parabola is equal to four 
times the distance from the vertex of that diametBf to the focus. 

PEOPOSITION XTIII.— THEOEEM. 

The parameter of any diameter of the parabola is equal to 
the double ordinate (o this diameter that passes through the focus. 

Through any point, as P, of the pa^ 
rabola of which F is the focus and V 
the vertex, draw the diameter PW, the 
tangent PT, and, through the focus the 
double ordinate BD, to the diameter. 
It is now to be proved that 4Pii', or the 
parameter to thia diameter, is equal to BD. 

Because P W is parallel to TJT, and PD to PP, TPvF 
is a parallelogram, and P!J= PP. But PF=FT (Prop. 4), 
hence Pv^PF. 

By the preceding proposition, Bv=4:PFPv =4PFPF 

Whence, Bv=2PF; therefore, 2Pu=Pi)=4PP. 

Hence the theorem ; the parameter of any diameter, etc. 

PEOPOSITION XIX.--THEOEEM. 

The area of the portion of the parabola included between 
ike curve, the ordinate from any of its points to the axis, and 
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the etyrrespondiitg abscissa, is equivalent to two thirds of the 
rectangle contained by ike abscissa and ordinate. 

Let VD be the a^s of a parabo- 
la, and VIP any portion of tbe 
curve. Draw the extreme ordinate ...--^^fp~ 
PD to the aa:is, and complete the f'"^^ -^ 
rectangle YAPD; then will the A 

area included between the curve \^ 

VIP, the ordinate PD, and the abscissa VD, be equiva- 
lent to two thirds of the rectangle VAPD. 

Take any point I, between P and the vertex, and draw 
PI, producing it to meet the axis produced at E. 

Now, from the similar triangles, PQI and PDE, we 
get the proportion 

PQ:QI: : PD : BE. 
Whence PQ ■ DE= QI ■ PD= GD ■ PD. (1) 

If we suppose the point I to approa.eh P, the secant line 
P^will, at the same time, approach the tangent PT; and 
finally, when I comes indefinitely near to P, the secant 
will sensibly coincide with the tangent PT, and DE may 
then be replaced by DT=2DV=2PA. Under this sup- 
position, eq. (1) becomes 

2PQ-PA=PD-9D. 
That ia, when the rectangles (?2)P^and .i.P§Cbecome 
indefinitely small, we shall have 

Eect. ffi)P-ff=2Iiect. APQC. 
"We will call Reet. GDPS the interior rectangle, and 
Hect. APQ C the exterior rectangle. If another point be 
taken very near to I, and between it and the vertex, and 
with reference to it the interior and exterior rectangles be 
constructed as before, we should again have the interior 
equivalent to twice the exterior rectangle. Let us conceive 
this process to be continued until all possible interior and 
exterior rectangles are constructed ; then would we have 
Sum interior rectangleB=2 sum exterior rectangles. 
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But, under the supposition that these rectangles are in- 
definitely Bmall, the sum of the interior rectangles be- 
comes the interior curvilinear area, and the sum of the 
exterior rectangles the exterior curvilinear area, and the 
two sums make up the rectangle AFDV. Therefore, if 
this rectangle were divided into three equal parts, the in- 
terior area would contain two of these parts. 

Hence the theorem ; the area of the portion of ike, ele. 

PROPOSITION XX.— THEOEEM. 

Jf a parabola be revolved on its axis, the solid generated 
will be equivalent to one half of its circumscribing cylinder. 

Conceive the parabola in the fig- 
ure, which is constructed as in the 
last proposition, to revolve on its 
axis VD. We are then to find the ^■■"' 
measure of the volume generated. t~e 

The rectangle ID will generate \ 

a cylinder having _D§ for the radi- ^ 

us of its base, and D(? for its axis; and the rectangle AI 
will generate a cylindical band, whose length is CI, and 
thickness PQ. 

The solidity of the cylinder =t^DQ^-DG 

The solidity of the hand =-7t{PN—'DQ^) ■ VG= 
KlPlf—iFD—PQy} ■ VG=^[2PD- PQ-^P^^ ■ YG 

Now, under the supposition that the point 1 is indefi- 
nitelynearto P, D^maybe replaced by PJ), VG by VD, 
and PQ may be neglected as insensible in comparison 
with 2PD'PQ. These conditions being introduced in 
the above expressions for the solidities of the cylinder and 
band, they become 

The solidity of the cylinder=;rPD' ■ DG 

The aoUditjr of the band =2;rPD -PQ-VD 
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Whence, 
sol. of cylinder ; sol. of band : ; luf -DG: 2PI> ■ PQ- VD (1) 

But, when Jaiid P are sensibly the same point, 
PQ : GD : : FI) : 2ri> 

therefore, 
2VD-PQ=PD-GD,ov2rDPQ-PD=7^-I>a 

The terms in the last couplet of proportion (1) are there- 
fore equal, and we have 

sol. of cylinder : sol. of band : : 1 : 1 

or sol. of cylinder=3ol, of band. 

In the same manner we may prove that any other inte- 
rior cylinder is equivalent to the corresponding exterior 
band. Hence the sum of all the possible interior solids 
is equivalent to the sum of the exterior solids. But the 
two sums make np the cylinder generated by the rectan- 
gle VDPA; therefore either sum is equivalent to one 
half of the cylinder. 

Hence the theorem ; if a parabola be revolved, etc. 

Remark. — The body generated by tte revolution of a parabola 
about its axis is called a Parabohid of Revolution. 

PROPOSITION XXI.— THEOREM. 

If a cone be cut by a plane •parallel to one of its elements, 
the section will be a parabola. 

Let MVN'be a section of a cone by a 
plane passing through ita axis, and in this 
section draw ^.ff parallel to the element VM. kJ^ 
Through _4-ff conceive a plane to be passed ; 
perpendicular to the plane MVN; then will ^ "' 
the section DAGI of the cone made by this last plane, 
be a parabola. In the plane MVN, draw MN and 
KL perpendicular to the axis of the cone, and through 
them, pass planes perpendicular to this axis. The 
sections of the cone, by these planes, will he circles. 
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of whicli MN and KL, respectively, are the diameters. 
Through the points F and H, in which AH meets KL 
and MN, draw in the section DAGI the lines FG and 
JII, perpendicular to AH. Because the planes DAI and 
MYJVare at right angles to each other, FG is perpendic- 
ular to KL, and MI is perpendicular to MN. 

N'ow, from the similar triangles AFL, ASN, we have 
AF : AH : : FL : UN (1) 

By reason of the parallels, KF=MH; multiplying the 
first term of the second couplet of proportion d) by KF, 
and the second term by MH, it becomes 

AF:AH: : FL-KF: HN-MH (2) 

But FG is an ordinate of the circle of which SL ia 
the diameter, and HI an ordinate of the circle of which 
MN\?i the diameter; therefore 

FL-KF=FG^, and HN-MH=HT (Cor., Th. IT, B. m, 
Geom.) 

Substituting, for the terms of the second couplet, in pro- 
portion (2), these values, it becomes 

AF:AH:: FG' : ~H1' 

This proportion expresses the property that was dem- 
onstrated in proposition 15 to belong to the parabola. 

Hence the theorem; if a cone be cut b^ a plane, e.tc. 

Cor. Prom the proportion, AF : AH : : FG^ : Hf we 

^T^ Hf ^, ^. FG" HT ^.^ . ^, . , 
get ^-p= ~rff'' t^^t 13) -jw °'" TTt" '*™i''t' 13 a third 

proportional to any abscissa and the corresponding ordi- 
nate of the section, is constant, and (byDef. 8) is the para- 
meter of the section. 
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THE HYPERBOLA. 



DEFINITIONS. 



1. The Hyperbola is a plane curve, generated by the 
motion of a point aubjeeted to the condition that the 
diftercneo of its distancea from two fixed points shall be 
conatantly equal to a given line. 

Remark 1. — The diatanee between tte foci is also supposed to 
be koown, and the giTCn line must be leas than the distance between 
the fised points ; that is, less than tbe distance between the foci. 

Remark 2.— The ellipse is a curve confined by two fixed points 
called tbe foci; and tbe sum of two lines drawn from any point in 
tbe curve is constantly equal to a given line. In tbe hyperbola, the 
diffsren.ce of two lines drawn from any point in the curve, to the 
fixed points, is equal to the given line. The ellipse is but a single 
curve, and the foci are within it ; bat it will be shown in tbe course 
of our investigation, that 

The hi/perhola consists of two equal and op^osUe hranches, and 
th^ least distance hetween them, is the given line. 

2. The Center of the hyperbola is the middle point of 
the atraight line joining the foci. 

3. The Eccentricity of the hyperbola ia the diatanee from 
the center to either focus. 

4. A Diameter of the hyperbola is a straight line pass- 
ing through the center, and terminating" in the opposite 
branchy of the curve. The extremities of a diameter 
called its vertices. 

6* E 
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5. Tlie Major, or Transverse Axis, of the hyperbola is 
the diameter that, produced, passes through the foci, 

6. Tho Minor, or Conjugate Axis, of thelijperboJa bisects 
the major axis at right-angles; and it« half is a mean 
proportional bet\veen the distauces from either focus to 
the vertices of the major axis. 

7. An Ordinate to a diameter of the hyperbola is a 
straight line, drawn from any point of the curve to meet 
the diameter produced, and is parallel to the tangent at 
the vertex of the diameter, 

8. An Abacissa is the part of the diameter produced that 
is included between its vertex and the ordinate. 

9. Conjugate Hyperbolas are two hyperbolas so related 
that the major and minor axes of the one are, respectively, 
the minor and major axes of the other. 

10. Two diameters of the hyperbola are ccmjugate, when 
either is parallel to the tangent lines drawn through the 
vertices of the other. 

The conjugate to a diameter of one hyperbola will ter- 
minate in the branches of the conjugate hyperbola. 

11. The Parameter of any diameter of the hyperbola is 
a third proportional to that diameter and its conjugate. 

12. The parameter of the major axis of the hyperbola 
is called the principal 'parameter, the latus-rectum, or simply 
the parameter; and it will be proved to be equal to the 
chord of the hyperbola through the focus and at right- 
angles to the major axia. 

EXPLAKATORY REMARKS.— Thus, let FF b 

two fixed points. Draw a line between them, and ^ 

bisect it in C. Take CA, CA', each equal to one f^ 

half the given iine, and CA may be any diatanoe 

less than CF; A' A is the given iine, and is called ' 

the major axis of the hyperbola. Now, let us suppose t 

already found and represented by ADF. Take any point, as P, and 

join F,F and F,F'; thett,bj Def. 1, the difference between FF' 
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and PF must be eqiia] U> the given line A' A ; and eouverselj, if 
FF'—PF^A'A, then /* ia a point in the curve. 

By taking any point, P, in the curve, and joining P, F and P, F 
B triangle PFF' ia always formed, having F'F for ita base, and 
A' A for the difference of the aidea ; and these are all the conditions 
neoeBsary to define the curve. 

As a triangle can be formed directly opposite PFF, whieh shall 
be in all respeota exactly equal Xo it, the two triangles having F'F 
for a common aide; the difference of the other two sides of this 
opposite triangle will he equal to A' A, and correspond with the con- 
dition of the curve. 

Hence, a curve can he formed about the focus F', esactly similar 
and equal to the curve about the focus F. 

We perceive, then, that the hyperbola 
ia composed of two equal curves called ' 
branches, the one on the right of the cen- 
ter and curving around the right-hand 
fttcus, and the other on the left of the 
center and curving around the loft-hand 
focua. In like manner, by making CB 
equal to a mean proportional between 
FA and FA', and constructing above and below the center the 
branches of the hyperbola of which B£'=i2CB is the major, and 
AA' the minor axis, we have the hyperbola which is conjugate to 
the first. FP is a diameter of the hyperbola, PT a tangent line 
through the vertex of tho diameter, and Q Q', parallel to PT and 
terminating in the branches of the conjugate hyperbola, is conjugate 
bo the diameter PP'. MP is the ordinate from the point Sto the 
diameter CP, and PP ia the cerreaponding abscissa. 



PROPOSITION I— PROBLEM. 

To describe an hyperbola mechanieally. 
Take a ruler, ^'jy, and fasten one end at the point J?*, on 
which the ruler may turn as a hinge. At the other end, at- 
tach a thread, the length of which is leas than that of the 
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ruler by the given line A' A. Fas- 
ten the other end of the thread at F. 
With the pencil, P, press the thread 
against the ruler, and keep it at j^ 
equal tension between the points H 
and F. Let the ruler turn on the 
point F, keeping the pencil close 
to the ruler and letting the thread slide round the pen- 
cil ; the pencil will thus describe a curve on the paper. 

If the ruler be changed, and made to revolve about the 
other focus as a, fixed point, the opposite branch of the 
curve can be described. 

In all positions of P, except when at A or J.', FF' and 
FF will be two sides of a triangle, and the difierence of 
these two sides is constantly equal to the difference be- 
tween the ruler and the thread; but that difference was 
made equal to the given line A' A; hence, by Definition 
1, the curve thus described must be an hyperbola. 

Cor, From any point, as P, of the hyperbola, draw the 
ordinate FD to the major axis, and produce this ordinate 
to F, making BF' equal to FD; and draw FF, FF', 
FP and FP'. Then, because F'D is a perpendicular to 
PP at its middle point, we have FP=FF, and P'P= 
FP'; whence 

FF-~FF=FP'—FF, and P is a point of the hyper- 
bola. Therefore, FP' is a chord of the hyperbola at right 
angles to the major axis, and is bisected by this axis; and 
as the same may be proved for any other chord drawn at 
right angles to the major axis, we conclude that 

All chords of the hyperbola which are drawn at right angles 
to the majiyr axis are bisected by that axis. It may be proved, 
in like manner, that 

All chords of the hyperbola which are drawn at right angles 
to the conjugate axis are bisected by that axis. 
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PEOPOSITION II.— THEOREM. 

If a poinl be taken within eiiher branch of the hyperbola, or 
on the concave side of the curve, the difference of its distances 
from the foci will be greater than the majm- axis; and if a 
point be taken without both branches, or on the convex side of 
both curves, the difference of its distances from the foci will be 
less than the major axis. 

Let AA' be the major axis, and 
iJ^and IP the foci of an hjperhola, sX' 
Within the branch APXtake any \ 
point, Q, and draw FQ and F'Q 
then we are to prove F'A~ a f 

First— '^'hs.t ¥< Q—FQ ia greater than AA'. 

Since Q is within the branch AFX, the line F'Q must 
cut the curve at some point, as P. Draw PF and FQ. 

By the definition of the hyperbola, FP—PF=AA'. 
Adding PQ-\-PF to both membera of this equation, it 




FP—PF-\-PQ-\-PF=AA'+PQ+PF 

or, F'q=AA'+Pq^-PF. 

But PQ and PF being two sides of the triangle FPQ, 
are together greater than the third side FQ. Therefore 
F'Q^AA'+FQ; and, by taking FQ from both members 
of this inequality, we have 

FQ-FQ>AA'. 

Second. — Take any point, q, without both branches of the 
hyperbola, and join this point to either focus, as F. Then 
since q ia without the branch APF, the line qF must cut 
the curve at some point, P. Draw qF, qF, and PF'. 

Because P is a point on the curve, we have PF — PF 
=AA'. Adding P^+PP to the membera of this equa^ 
tion it becomes 

PF—PF+Pq+PF=AA'-{-PF+Pq 

or, PF+Pq=AA'+PF+Pq=AA'+qF. 
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But PF' and Pq, being two sides of the triangle F'Pq, 
are together greater than the third side q^. Whence 
qF'<AA'+qF; and by taking qF from both membera 
of this inequalil^, we have qF — qF<AA'. 

Hence the theorem ; if a "point be taken, etc. 

Cor. Conversely: If the difference of the distances from 
any point to the foci of an hyperbola be greater than Ike major 
axis, the point will be within one of the branches of the curve; 
and if this difference he less than the major axis, the point will 
be without both branches. 

For, let the point Q be eo taken that J^Q—FQ>AA'; 
then the point Q cannot be on the curve ; for in that case 
we should have F'Q — FQ^AA'. And it cannot be with- 
out both branches of the curve, for then we should have 
F'Q — FQ<AA', from what is proved above. But it is 
contrary to the hypothesis that F'Q — FQ ie either equal 
to or less than AA'; hence the point Q must be within 
one of the branches of the hyperbola. 

In like manner we prove that, if the point q be bo cho- 
sen that qF — qF<.AA', this point must be without both 
branches of the hyperbola. 



PEOPOSITION III.— THEOREM. 

A tangent to the hyperbola bisects the angle contained by 
lines drawn from the point of contact to the foci. 

Let F', F be the foci, and P 
any point on the curve; draw 
PF, PF and bisect the angle . 
F'PF\>yt\i& line TT'; this line ■ 
will be a tangent at P. 

If TT be a tangent at P, ev- 
ery other point on this line will be without the c 
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Take PG=PF and draw GF; TT bieecte GF, and 
any point in the line TT is at equal distances from F 
and G (Scho. 1, Th. 18, B. I, Geom). By the definition 
of the curve, F'G=A'A the given line. Now take any 
other point than P in TT, as E, and draw EF, EF and 
EG. 

Because EF is equal to EG we have 
FF—EF=EF'—EG. 

Bat EF— EG, ia less than F'G, because the differ- 
ence of any two sides of a triangle is leas than the third 
side. That is, FF—FF is leaa than A' A; consequent- 
ly the point E is without the curve (Prop. 2), and as E 
is any point on the line TF, except P, therefore, the line 
TT', which bisects the angle at P, ia a tangent to the 
curve at that point. 

Hence the theorem ; a tangent to the hyperbola, etc. 

Scholium. — It should be obaerTed that by joiniog the variable 
point, P, in the curve, to the two invariable points, F and F, we 
form a triangle; and that the tangent to the curve at the point P, 
bisects the angle of that triangle at P. 

But when any angle of a triangle is bisected, the bisecting line 
outs the base into segments proportional fa) the other sides. (Th, 
24, B. II, Geom). 

Therefore, FP: PF=F'T : TF 

Represent FP by r' and PF by r; 

then r' :r=F'T : TF 

But as t' must he greater than r by a given quantity, a, 

therefore, r-\-a : t=FT : TF 

Or, 1+^ :\=FT : TF 

Let it be observed that a is a constant quantity, and r a variable 
one which can increase without limit j and when r iaimmenseli/ great 

in respect to a, the fraction - is extremely minute, and the first term 

of the above proportion would not in any practical sense differ from 
the second; therefore, in that case, the third term would not essen- 
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tially differ from the foiirtfi; that is, FT does not essentially differ 
from FT when r, or the distance of P from 1° is immensely great. 
Hence, the tangent at any j)omt P, of the hyperbola, can never cross 
the linePF' at its middle jioint, hut it may approach within the least 
imaginabie distance to that point. 

If, however, we conceive the point P to be removed to an infinite 
distance on the curve, the tangent at that point would out AA' at 
its middle point C, ajid the tangent itself is then called an asymptote. 

PEOPOSITION IT .— T H E E B M . 

£Iven/ diameter of the hyperbola is bisected at the center. 

Let F and J" be the foci, and 
AA' the major axis of anhyperbo- 
la. Tate anj point, as P, in one 
of the branches of the curve ; draw 
FF and PF, and complete the 
parallelogram FF^F'. 

"We will now prove that i" is a ^ 
point in the opposite branch of the hyperbola, and thai 
PP' passes through, and is bisected at, the center, C. 

Because PFP'F' is a parallelogram, the opposite sides 
are equal; therefore ^P—P^=^P'—P'^; but since P 
is, by hypothesis, a point of the hyperbola, FP — PF~ 
AA'; hence FB—BF^AA', and P is also a point of 
the hyporbolii. 

Again, the diagonals, FF, P'P of the parallelogram, 
mutually bisect each other ; hence C is the middle point 
of the line joining the foci, and (Def, 2) is the center of 
the hyperbola. P P' is therefore a diameter, and is bi- 
sected at the center, C 

Hence, the theorem ; every diameter of the hyperbola, etc, 

PROPOSITION v.— THEOREM. 

Tangents to the hyperbola at the vertices of a diameter are 
forallH to each other. 
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At the extremities of the diam- 
eter, Pi", of the hyperbola repre- 
sented in the figure, draw the tan- 
gents TT and VV. We are now 
to prove that these tangents arc 
parallel. By proposition (Prop. 3) 
TT Insects the angle FPF', and . 
VV also hisecta the angle F'P'F. But these angles heing 
the opposite angles ot the parallelogram FPFP', are 
equal ; therefore the |_ T'PJ^the \_PT'F=t\Q |_ VP'F. 
But the L's PT'F, VP'F, formed by tlie line FP' meet- 
ing the tangents, are opposite exterior and interior an- 
gles. The tangents are therefore parallel (Cor. 1, Th. 7, 
B. I, Geom). 

Hence the theorem ; tangents to the hyperbola, etc. 



PEOPOSITION VI .— T U B E E M . 

The perpe?idicuhrs let fall from the foci of an hyperbola cm 
any tangent line to the curse, intersect the tangent on the circum- 
ference of the circle described on the major axis as a diameter. 

In the hyperbola of which J A' 
is the ni^or axis, F and F' the 
foci, and C the center, take aiij 
point in one of the branches, as 
P, and through it draw the tan- 
gent line TIP. From the foci let 
fall on the tangent the perpendic- 
ulars FIT, F'H', draw PF and PF, and produce FH 
to intersect PF in G. "We are now to prove that H and 
H' are in the eircumfereuce of a circle of which AA' is 
the diameter. 

Draw CH, producing it to meet FH' in Q. Then, 
because Pli is a tangent to the curve, it bisects the angle 
FPF; thei-etoru tlfti right-angled triangles, FPH aud 
7 
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HPG; being mutually equiangular, and having the side 
PIT common, are equal. AVhenee, FH=HO and FF= 
PG. But, by the definition of the hyperbola, FP^PF 
^AA'; }ienceFP~PG=FG=AA'. 

Since CII bisects the sides FF and FG of the triangle 
FGF, we have 

FF:FC::FG: CH 

hut FF=2FC; therefore FG=2CB'=AA' 

If then with C aa a center and CA as a radius, a cir- 
cumference be described, it will pase through the point JI. 

Again ; the triangles FHC and F CQ are in all respects 
equal; hence CQ=CH, and Q is also a point in the cir- 
cumference of the circle of which AA' is the diameter. 
Therefore, the right-angled triangle QM'H, having for 
its hypotenuse a diameter MQ of this circle, must have 
the vertex, H' of its right angle at some point in the cir- 
cumference. 

Hence the theorem; the perpendiculars lei fall, etc. 



PROPOSITION Til— THEOREM. 

The product of the 'perpendiculars let fall from the foci of 
an hyperbola upon a tarigent to (he curve at any point, is egual 
(o the square of the semt-minor axis. 

Resuming the figure of the pre- 
ceding proposition ; then, sii 
the semi-minor axis, which we wiil 
represent by P, is a mean propor- 
tional between the distances from 
either focus to the extremities of 
the major axis, we are to prove 
that 

B'^FA X FA'=FSx FB' 

By the construction, the triangles FHC and CQF" are 
equal; therefore FII=F'Q (I) 
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Multiplying both members of cq. (1) by F'H' it be- 
comes 

FH-F'M'=F'Q-F'H' (2) 

Again, it was proved in ^q last proposition tbat the 
points S, H' and Q were in the circumference of the cir- 
cle described on AA' as a diameter; therefore F'M' and 
J" J. are secants to this circumference, and we have 
F'Q-.F'A'iiF'A-.F'H' (Oor., Th. 18, B. Til, Geom). 
"Whence, F' Q ■ F'H'=F'A' • F'A (?) 

Bnt PA'=FA, F'A=FA', and F'Q^FH. Making 
IJiese substitutions in eq. (3) it becomes 

FR ■ F'S'=FA ■ FA'=m 
Hence the theorem : the product of the perpendiculars, etc. 
Cor. 1. The triangles PFS, PF'M' are similar ; 
therefore, FF : FF' : : FB : F'H' 

That is: The distances front any point on the hyperbola to 
ike foci, are, to each other, as the perpendiculars let fall from 
the foci upon the tangent at that point. 

Cor. 2. From the proportion in corroUary 1, we get 



But by the proposition, F'S' ■ FJI=S'; 

—-^B'-PF^-PF , 
therefore, FM = 



PF' -2GA+PJ"'''='"'"°''-^ "^^ 
AA'=^CA, and PQ=PF. 
In like manner it may be proved that 

-^^^^jZ^ B^-PF' ^B HWA+PF) 
PF PF 

PEOPOSITION VIII— THEOEEM. 

If a tangent he drawn to the hyperbola at any point, and al- 
so an ordinate to the major axis from the point of contact, then 
wiU the semi-major axis be a mean proporiioTial between the 
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distance from the center io the foot of the ordinate, and the dis- 
tance from the center to the intersection of the tangent with this 




Let AA' be the major axis, FI' 
the foci and C the center of the 
hyperbola. Through any point, 
as P, taken on one of the branch- 
es, draw the tangent PT intersect- 
ing the axis at T; also draw PF. 
PF to the foci, and the ordinate 
PM to the axis, "We are now to prove that 
CT : CA:: CA: CM. 
Because PT bisects the vertical angle of the triangle 
FPF (Prop. 3), it divides the base into segments pro- 
portional to the adjacent sides (Th. 24, B. II, Geom.) 
Therefore, F'T: TF : : F'P : PF. 

Whence, FT—TF:PT-\-TF: : F'P—PF: F'P+PF 
That is, 2GT: FFi : AA'=2CA : F'P+PF 
Or, by inverting the means, 

2CT: 2CA : : F'F : F'P+PF CO 

Now, making MF"=MF, and drawing PF", we have, 
from the triangle FPF", 

FF" : FP+PF" : : F'P—PF" : F'M~MF" 

(Prop 6, PI. Trig.) 
But, because the triangle FPi " is isosceles, and PM is 
a perpendicular from the vertical angle upon the base, 
PF=PF",F'F"=F'F+^FM=2GF+'iFM='2.CM; 
therefore the preceding proportion becomes 

2CM: FP+PF: : 2CA : F'F 
or, 2CM: 2CA : : FP+PF: FF (2) 

Multiplying proportions (l) and (2), term by term, ob- 
serving that the terms of the second couplet of the result- 
ing proportion are equal, we have 
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iCT-CSr-.iCT: : 1:1 
Wlionce, CT- CM= CA\- 

whioh, resolved into a proportion, beeomea 

CT: CA: : CA : CM. 
Hence the theorem ; if a tangent be drawn, etc. 
Scholium. — The propertj of the hyperbola demonstrated in thia 
proposition is not restricted to the major axis, hut also holds true in 
reference to the minor axis. 

The taageat intersects the minor axis at the point (, and PG ia 
an ordinate to this axis from the point of contact. Now, the simi- 
lai triangles tCT, THF, give the proportion 

Ct iFM-.iCT: TB (1) 

and from the similar triangles FMT,TF'S', we also have 
PM:F'IT::MT:B'T (2) 

Multiplying proportions (!) and (2), term by term, we get 
a-PM : FH-riF:: CT-MT : THE'T (3> 

'B\i.i FH-FS'=B' (Prop. 7). MoreoYer, drawing the ordinate 
TV, and the radius CFof the circle, and the line KA, we have 
by the proposition 

GT: GA:: OA : GM 
or, GT: GVr.CY: CM 

Therefore, the triangles VCT and MGV, having the angle G 
common and the sides about this angle proportional, are aimilar (Cor. 
2, Th. 17, B. II, Geom.); and because the first is right-angied, the 
second is also right-angled, the right angle being at V; hence 
PT'=Cr-3f2'(Th. 25, B. II, Geom). 
Also, AA' and IIII' are two chords of a circle interseoting each 
other at T; henee 

IIT-Tir^AT-TA'= ff' (Th. 17, B. Ill, Geom). 
Substituting for the terms of proportion (3) these several values, 
it becomes 

Ct-PM: B':: vf' : vf'r.l : 1 
Whence, Gt-PM=B' 

Therefore, Ct: £::£: PM= CG 
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Cor. It lias been proved that the triangle C VM is right- 
angled at V; therefore, VMia a tangent at the point V 
to the circumference on^^' as a diameter, and TMis its 
sub-tangent. But TMis also the sub-tangent on the ma- 
jor axis of the hyperbola answering to the tangent PT; 
hence 

If a latigent be dravm to the hyperbola at any point, and 
through (he point in which the icmgent intersects the major axis 
an ordinate be drawn to the circle of which this axis is a diam- 
eter, the sub-tangent on the major axis corresponding to the taji- 
gerd through the extremity of this ordinate will be the same as 
that of the tangent to the hyperbola. 

FEOPOSITION IX.— THEOREM. 

In any hyperbola, the square of the semi-major axis is to 
the square of the semi-minar axis, as the rectangle of the dis- 
tances from the foot of any ordinate to the major axis, to the 
vertices of this axis, is to the square of the ordinate. 

Resuming the figure to Propo- 
sition 8, the construction of which >,^ 
needs no further explanation, we 
are to prove that 
■51' -TC^ : : A'M-AM: PM\ 
assuming GB to represent the 
semi-minor axis. 

From the similar triangles PMT, THF and TR'F', we 
derive the proportions 

PM : FH : : MT : TH 

PM:F'H': iMTi TIP 

Whence pM^ -.FHF'Ii' ■.-.WP -.TH- TM' (i) 

But FSF'Il' is equal to the square of the semi-minor 

axis (Prop. 7) ; and because the chords, IIR' and AA\ 

of the circle intersect each other at T, we have 
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TH-TH'=ATTA'=Vf' (Th. 17, B. m, Geom.) 

These values of the conaequenta of propoi'tion (l) he- 
ing Buhstituted, it becomes 

P^ : ~B(f : : Wf {TP (2) 

The triangles CVT and TVM are similar, and give the 
proportion 

mT : VT^ :: VM" : CT='cT (3) 

Comparing proportions (2) and (3), we find that 

FM^ : '£0' : : VM' I'cT <4) 

Because MVis a tangent and MA' a secant to the cir- 
cle A VA'IP, we have 

VM'=A'M-AM (Th. 18, B. ni, Geom.) 
Placing this value of VM in proportion (4) and invert- 
ing the means of the resulting proportion, it becomes 
PM' : A'M- AM : : ~BC' ■.~CA' 
or, 'CT : 'BC' : : A'M- AM : PM^ 

Hence the theorem ; in any hyperbola the square of the, etc. 
Cor. Proportion (4) above may be put under the form 

~CJ^ : Wf : : VM^ : Pit (a) 

and from the right-angled triangle CYM we have 

from which, because C V= CA, we get 

y^=c¥— "cT. 

Also, the right-angled triangles CVM, FTif are similar; 
therefore, CM : VM : : VM : MT 
Whence VM'=CM-MT. 

Kow, if in proportion (a) we place for VM these val- 
ues, successively, we shall have the two proportions 
'CA^ : Wf : : CM-MT: PM" (b) 

and "GT : 'W : i CM'^CA' : PM" (c) 



ioovGoot^Ie 



CONIC SECTIONS. 



Scholium 1. — Let ua denote CA by a, C'S by h, OMhj x, and 
PMbyy; then A'M=x-!raand AM=x-a. Becaaae CM*—CT 
=^C 0J/+ GA-) ( CjH— C^) = ^jy ■ AM, proportion (c), by substitu- 
tion, now becomes 



■.b'::(xJ^a){x-a):y'. 



(a') 



This equation is called, in analytical geometry, the equation of 
ike hyperbola re/erred to its center and axes, in which x, the distance 
from, the center to the foot of any ordinate to the major axis, is 
called the abscissa. The equation a'y' — 6"^'=:: — a'b' therefore ex- 
presses the relation between the abscissa and ordinate of any point 
of the curve. 

Scholium 2. — Let y' denote the ordinate and x' the abscissa of 
a second point of the hyperbola; then we shall have 
«' : 6' : : (x'+a) {x'-a) : y'" 

Comparing this proportion with proportion (a'), scholium 1, we 
find 

y' -.y":: (x+«) (a:— a) : (x'-^-a) (x'^i) 

That is : In any hyperbola the squares of any two ordmates to the 
major axis are to each other, as the rectangles of the corresponding 
distances from the feet of these ordinates to ^vertices of the axis. 

A similar property was proved for the ellipse and the parabola. 



PROPOSITION X.—THEOBEM. 

The parameter of the major axis, or the latus-rectum, of the 
hyperbola is equal to the double ordinate to this a 
focus. 

Through the focus F of the hyperbo- \ 
la, of which AA' is the major and BB' \ j 
the minor axis, draw the chord PP' at \ 
right angles to the major axis; then de- fiA?^ 
noting the parameter by P, we are to / 
prove that ,/ ^ 

AA' iBB':: BB' : PP'=P pef. 11.) 



■\ 
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By definition 6, Bif—FA' -FA, and by proposition 9 
we have 

2C° : ^BC' ■.-.FA'-FA: TF={^PP'f (Cor. Prop. 1.) 

Wtenee ZG" : W? : : WT : {^PP-f 

Therefore AG:BG:'.BC:IPP' (Th. 10, B. n, Geom.) 

Multiplying all the terms of this last proportion hy 2, 
it becomes 

2AC:'iBC: :2BC:PP' 

or, AA' : BB' : : BB' : PP' 

Hence the theorem; the parameter of the major axis, etc. 



PROPOSITION XI.— THEOEEM. 

If from the vertices of any two cmijugate diameters of the 
hyperbola ordinates he drawn to either axis, the difference of the 
sjnares of these ordinates will be equal to the square of one 
half the other axis. 

Let AA', BB' be the axes, and 
PP, QQ' any two conjugate diam- 
eters of the conjugate hyperbolas 
reprcaented in the figure. Then, 
drawing the ordinates QV, PM, 
to the major axes, and the ordinates 
P8=MC, QD= VC, to the minor 
axis, it is to be proved that 

'CA-=MG'—VC' 
and that ~C^=QV^—PM' 

Draw the tangents PT and Qt, the first intersecting the 
major axis at 7' and the minor axis at T*, and the second 
intersecting the minor axis at t' and the major axis at t. 

Now, by proposition 8, we have, with reference to the 
tangent PT, 

CT: CA::CA: CM, 
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and by tile eeholimn to the same proposition, we also 
liave, with reference to the tangent Qt to the conjugate 
hyperbola, 

a : CA'= cA-.-.cA-.ar 

The first proportion gives CA =CT- CM, and the sec- 
ondTH'= a-cv, 

Whence OT- CM= a-CV, which, in the form of a 
proportion, becomes 

CM : CV : : a : CT (1) 

Trona the similar triangles iCQ, CTP, we get 

a : CT : : QC : FT (2) 

and from the triangles OQV, TPM 

qC : PT : : CY : TM (3) 

Comparing proportions (1), {2J and (3), it is seen that 

CM: CV:: CV : TM 

"Whence CV'= CM- TM: but TM~ CM—CT; 

Therefore CT-CM'—CT- CM. 

And because CT • CM=^CA' (Prop. 8), we have 

cF-Eff'— d" 

or, 'Ol'-CM'—'OV' 

Again we have 

CT' : CB::C£: PM (Scho., Prop. 8) 
and a' : CB:: CM: CD-QV (Prop. 8) 
"Whence OP -PM-Q'- QV, which, resolved into a 
proportion, becomes 

PM:QV::a: CP (4) 

From the similar triangles, TCP, Ct'Q, we get 

Cf :CT ::tQ:CP (t) 

And from the triangles t'DQ, CPM, we also get 

t'Q: CP::t'D:PM (6) 

From proportions W, (5) and (fi) we deduce 
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PM: QV::t'D:FM 

"WTieuce PM^=QV-i'D; \inti'D=qV—Gi'; 
therefore, PM^=qV^~-a' • QV=QV^—Ct' ■ CD. 
And because Ci' • CD= CB^ (Prop. 8) we liave 

or c:^=qv'—pm' 

Hence the theorem ; from the vertices of any two, etc. 
Cor. By corollary to proposition 9 we have 

'CA^ i~C& : : CM'^cT : PM" 
In like manner, in reference to the coDJugate hyperho- 
a, we shall have 

~C^i~CA^ : ■.'CTf^C^:'Q& 

or, 'W : eT — GB" : : CA' : "CF 

By composition,'CB' : W^ : :~CA' :~cT-fCV' 

But by this proposition we have 

~CA^^CM'—Cr'; hence "aI'+CF'=G^ 
therefore CB' : QV'' : I'CT i CM^ 

Whence CB : QV:: CA : CM 

or, CA : CB : : CM : QV 



PROPOSITION XII.— THEOEEM. 

The difference of the squares of any two conjugate diameters 
of an hyperbola is constantly equal to the difference of the 
squares of the axes. 

In the figure, which is the same 
as that of the preceding proposi- 
tion, PP' and Q Q' are any two con- 
jugate diameters (Def, lOj. It is 
to be proved that 

PF^-JQQ'^=AA''~-BB^ 

By proposition 11 we have 
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and 






therefore 'CT—CB''=CM^+PM'—{CV+QV') 
or, "cT— 06"= CP— CQ^ 

Multiplying each member of thia equation by 4, observ- 
ing that ACA'^=AA'^ kc, it becomes 

Hence the theorem ; the difference of the squares, etc. 
PROPOSITION XIII^THEOEEM. 

The paraUeloffram formed by drawing tangent lines through 
the vertices of any two conjugate diameters of the hyperbola is 
equivalent to the rectangle contained by the a 

let LMNO be a parallelogram 
formed by drawing tangent lines 
through the vertices of the two eon- 
jugate diameters PIP, QQ' of the 
conjugate hyperbolas represented in 
the figure. It is to be proved that 

area LMNO^AA'xBB'. 

"We have CA : CB : : CS : QV (1) (Cor. Prop 11.) 

Also, CT:CA::CA:CS[^) (Prop. 8.) 

Multiplying proportions (1) and (3), term by term, omit> 
ting in the first couplet of the result the common factor 
CA, and in the second the common factor CS, we find 
CT: CB:: CA: QV 

"Whence CT-QV=CA- CB 

But CT- QV measures twice the area of the triangle 
CQT, and this triangle is equivalent to the half of the 
parallelogram §CPi, because they have thecommon base 
QCanA are between the same parallels QC, LT {TK 30, 
B. I, eeom.) 
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IRow fhe parallelogram QCPL is one-fourtli of the par- 
allelogram LMNO, and CA ■ CB measures one fourth of 
the rectangle contained by the axes ; therefore the paral- 
lelogram and rectangle are equivalent. 

Hence the theorem ; the paraHetograni formed, etc. 

PROPOSITION XIV— THEOEEM. 

If a tangent to the hyperbola be drawn through the vertex of 
the Ttiajor axis, and an ordinate to any diameter be drawn from 
the same point, the semi-diameter wiU be a mean proportional 
between the distances, on the diameter, from the center to the tan- 
gent, and from the center to the ordinate. 

Let CA he the semi-major axis and 
CP any aemi-diameter of this hyper- 
bola. Draw the tangents At, FT, the 
ordinate J.^to the diameter, and the 
ordinate PMio the major axis. It ia 
now to be proved that ~CP^= Ct ■ CM. 
We have CT : CA : : CA : CM, (Prop. 8) 

also CA-.a-.: CM: CPfrom the similar A's CAt, CMP 
Multiplying these proportions term by term, omit- 
ting in the result the common factor in the first couplet, 
and also that in the second, we find 

CT: a-.: CA: CP (1) 

Again we have 

CP: CT: : CH: CA from the similar A's CPT, CMA. 
Proceeding with these last proportions as with those 
above, we find 

CP: a: : CH : CP 
W ence, CP^= tt ■ CH. 

Hence the theorem ; if a tangent to the hyperbola, etc. 
Cor. 1. From proportion (1) we get CJ'-CP= a -fM; but 
the triangles CTP, CAt, having a common angle, C, are 
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to eacli otlier as the rectangles of the sides about this an- 
gle (Th. 23, B. n, Geom.) Therefore ^CTP^aCIA. 

Car. 2. If from the equivalent areas ^CTP, ^ClA we 
take the common area CTVi there will remain A TA V= 
A(r>. 

Qir. 3. If we add to each of the triangles TAV, tVP, 
the trapezoid VAMP, we shall have area TAMP= 
area tAMP. 



PBOPOSITION XV.— THBOEEM. 

If through, any point of an hyperbola there he drawn a tanr- 
gent, and an ordinate to any diameter, (he semi-diameter will 
be a mean proportional between the distances an the diameter 
from the center to the tangent, and from the center to the ordi- 
nate. 

Take any point as D on Jhe hy- 
perbola of which GA is the semi- 
major axis, and through this point i' 
draw the tangent D 2" and the semi- 
diameter CD, also take any other 
point, as P, on the curve, and draw ^ 
the tangent Pt, the ordinate PHto 
the diameter through D, and the ordinates PQ and 
DG to the axis. The semi-diameter CD and the tangent 
Pt intersect each other at t', "We will now prove that 

Let CB represent the semi-conjugate axis, then by co- 
rollary to proposition 9 (proportion (b)) we have 

~CA^: ~C^i- Ca-TG:D^ 
^^^ ~CT : 'W : : CQ-tQ : T^ 

Whence CG-T&i CQ-tQ: DG' ■.'PQ' 
but Dff" : y^ : : Tff' : i^, from the similar A*8 
TGD, LQP; 
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therefore CO-TO: CqtQ: -.Tif -.T^^ (X) 
Drawing Dm parallel to Fl we have the similar A's 
mGD, (QP which give the proportion 

DG : FQ : : Gm ; Ql. (2) 

The A's TGI}, LQF also give 

DG : PQ : : TG : LQ (8) 

Erom proportions (2) and (3) we get 

TG : LQ : : Gm : Qt (I) 

Multiplying proportions (1) and (4) term by term, there 
results, 

CG-'TG': CQ-tQ-LQ::TG'-Gm:TQ'-Qt 
Dividing the lirst and third terms of this proportion by 
^TG^&nd the second and fourth terms by Qt-LQ it he- 
comes 

CG -.CQ-.-.Gm-.LQ 
or CG : Gai : : CQ : LQ (5) 

Whence OG : CG—Gm : : CQ : CQ—LQ 

That is CG: dm : : CQ : CL (6) 

Again Cr-Ce- C4-C§-a, (Prop. 8.) 

therefore CG : a : : CQ : CT 

The antecedents in this last proportion and in propor- 
tion (6) are the same, the consequents are theretbre pro- 
pordoual, and we have 

a-.CT-.-.CmiCL 
"We have also, Cm : CD : : Ct: Ct' from the similar 
A's OmD, at' 

And CT : CD : : CL : Off ftom the similar A's CTD 
CLH 

By the multiplication of the last three proportions term 
by term we find 
a-Om-CTCcS'-CT:: Cm-Q-CL: CL-Ct'-OB 
■WTience CT-.Ujf -CT : : CL : OL-CI -OH 
or 1:"CD'::1: a -CH 

therefore CZ?- O! ■ OB 
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Hence the theorem ; if through any point of an, etc. 
Eemark.— The property of the hyperbola just established is the 
generalization of that demonstrated in the preceding proposition, 

PROPOSITION XVI.— THEOEBM. 

The square of any semi-diameter of the hyperbola is to the 
square of its semi-cmijugaie as the rectangle of the distances 
from the foot of any ordinate to the first diameter, to (he ver- 
tices of that diameter, is to the square of the ordinate. 

Let Pi" and QQ' be any two 
conjugate diameters of the conju- 
gate hyperholaa represented in 
the figure. Through any point as 
(? draw the tangent GT inter- 
secting the first diameter at T 
and the second at V, and from 
the same point draw the ordinatea GM, GK, to these 
diameters. 

"We will now prove that, 

~OP:~C^::PH-P'H: GW 

By the preceding proposition we have CI^ = CT- CM 
and multiplying each member of this equation by CHit 
becomes CP" ■ CS== CT- CH^ 

Whence CP' : eg' : : CT: Gfffrom which by division 
we get CF^ : CH^— OF' ■.-.CT: CH—OT^ TH, (l) 

Again we have"e§'= CT' ■ CK (Prop. 15) and multi- 
plying each member of this equation by CK it becomes 
~Cq'-CK=CT-GK^ 

"Whence "C§* : 'CK'' : : CT : CK=GS (3) 

The similar A'a TCT, TUG give the proportion 
CT : GH:: CT: TH (3) 

Comparing proportions (2) and (3) we obtain 

~CQ'' -.'CE'' -.-.CTiTM W 
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And by comparing proportions (l) and (4) we obtam 

or OP^ : CQ^ : CS^— CF' : CK^^GII^ 

But because CF=GP' and VE^ —CP' ={CH—CP) 
{CB:+CP) = FH- {OH+CP) the last proportion above 
becomes OP^ : ~CQ'' : : PH-P'H: GS' 

Hence the theorem; The square of any semi-diameier, etc. 

Remark. — The property of the hyperbola with reference to auy 
two conjugate diameters just demonstrated is the same as that with 
reference to the axes estahlished in proposition 9. 

Cor. If the ordinate GH be produced to intersect the 
curve at G' and the above consti'uction and demonatra^ 
tion be supposed made for the point G' instead of (?, we 
should finally get the same proportion as before, except 
the fourth term, which would be G'M ; therefore, G'H= 
GH. Hence we conclude that 

Any diameter of the hyperbola bisects ail the chords drawn 
parallel to a tangent line through the vertex of that diameter. 

PEOFOSITION XVII.— THEOEEM. 
The squares of ike ordinaies to any diameter of the hyper- 
bola are to one another as the rectangles of the corresponding 
distances from the feet of these ordinaies to ihe vertices of the 
diameter. 

Resuming the figure to the 
proposition which precedes and 
drawing any other ordinate (?A to 
the diameter PP', it is to be 
proved that 

■gS^: 'gh^i-.FH-P'H-.Ph-rh 
By the foregoing proposition 
we have two proportions following, viz : 

~0P '' : ^* : : PH-P'H: GH^ 
CF^ : t7e? : : Ph -P'h : ~gh^ 
8* 
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Since tlie ratio CP* : CQ^ is common to tliese pro- 
portions tlie remaining terms arc proportional. 
That is GS" -.Yh" :: FJI -fH : Ph -P'h 
Hence the theorem — The squares of the ordinales, etc. 



PROPOSITION XVIII.-THEOEEM. 

^ a cone be cut by a •plane ■making an angle with Us base 
greater than that made by an element of the cone, (he section 
will be an hyperbola. 

Let the A's MVN, PVPhe the 
sections of two opposite eonea by a 
plane through the common axis, and 
BH a line in this section not pass- 
ing through the vertex, and making 
with MN the [_BfliV> the l^BMN. 
Through this line pass a plane at 
right angles to the first plane, mak- M^ 
ing in the lower cone the section 
lOAG'F; then will this section be one of the branches 
of an hyperbola. 

Let KL and MN be the diameters of two circular sec- 
tions made by planes at right angles to the axis of the 
cone, and at F and H, the intersections of these lines 
with BH, erect the perpendiculars FG; HI to the plane 
MVN. FG is the intersection of the plane of the section 
IGAG'I' with the plane of the circle of which KL is the 
diameter and is a common ordinate of the section and oJ 
the circle; so likewise is HI & common ordinate of the 
section and of the circle of which MNis the diameter. 

Now by the similar A's AFL, AHN, and BFE, BHM 




AF : AH : : FL : HN (l) 

and BF : BH : : FK : HM (2) 

Multiplying proportions (l) and (2), term by term, we get 
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AF-BF: AHBH: : FLFK:HNSM (3) 

But because LGK and NIM are semi-circles, FG-'^ = 
FLFKxaA^ 'HI^=IINHM. Substituting theae values 
for the terms of the last couplet of proportion (3) it be- 
comes 

AF-BF:AH-BH: iFG" -.lU^ 

If we denote any two ordinates of the corresponding 
eeetion of the opposite cone "hj/g and hi we should have 
in like manner 

Af-Bf:Ah-Bh::{j9r:{htf 

K, therefore, AB be taken as a diameter of the curves 
cut out of the opposite cones by a plane through AH^ at 
right angles to the plane VMN, we have proved that 
these curves possess the property which was demonstra- 
ted in the preceding proposition to belong to the hyper- 
bola. 

Hence the theorem ; if a curve be cut by a plane, elc. 

ASTMPTOTES. 

Defihition. — An AsTinptote to a curve is a straight line 
which continually approaches the curve without ever 
meeting it, or, which meets it only at an infinite distance. 

y^e shall for the present assume, what will be after- 
wards proved, that the diagonals of the rectangle con- 
structed by drawing tangent lines thi'ough the vertices of 
the axis of the hyperbola possess the property of asymp- 
totes, and they are therefore called the asynvptoies, of the 
hyperbola. 

PBOPOSITION XIX.— THEOEBM. 

If <m ordinate to the major axis of an hyperbola be pro- 
duced to meet the asymptotes, the rectangle of the segments into 
which it is divided by either of its intersections with the curve 
will he equivalent to the square of the semi^oiyugate axis. 
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Let CA, CB be the semi-axea and Ct, 
Ci' the asymptotes of an hyperbola. — 
Through any point, as P, of the curve, 
draw the ordinate P§ to the major axis 
and produce it to meet the asymptotes at n ^ ^T ^ QJ W 
and n'. By the enunciation we are re 
quired to prove that CB^=Fn-Pn,' 

By Cor. proposition 9 we have 

TjI" : 'W : ■TCQ^—CA'' : 'PQ'' (l) 

And from the similar triangles CAB', CQn 

Ha" : AW^=~CB" : rCQ" : "Qn" (2) 

Comparing proportions (I) and (3) we find 

'CQ" : 'CQ^—'CA'' : 'Qn,^ : 'PQ^ which gives by 
division ~CA" : "CQ" : rQii"~TQ^ : ~^^ 

or 'CA" : Qn^—TQ" : CCQ" : Qn." (3) 

From proportions (2) and (3) we get 

TA.^ : 'W : CCA" : ^^—T^^ 
In this proportion the antecedents are the same the 
consequents are therefore equal; that is 

'CB"=Q>i"^W={Q>^+Fq) {Qn-PQ)=Pn-Pn' 
lleuee the theorem ; if an ordinate to the major axis, etc. 
Cor. Let us take another point p in the curve and from 
it draw the ordinate jiQ' to the major axis; then, as be- 
fore, we shall have CB"= pt -pt' ; t and (' being the in- 
tersections of the ordinate, produced, with the asymptotes. 
"Whence Pn • Pn'=pl'pl', which in the form of a pro- 
portion becomes Pn : Pt : : pt' : Pn' 

PROPOSITION XX.— THEOBBM. 

The parallelograms formed by drawing through the different 
points of the hyperbola lines parallel to and meeting Ihe asymp- 
totes are equinolent one to another, and any one is equivalent to 
one half of the rectangle contained by the semi-axes. 
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Let CA, CB be the semi-axes and Cn, 
Cn' the asymptotes of an hj-perbola. From 
any point, aa P, of the curve draw the or- ' 
dinate PQ to the major axis, producing it 
to meet the asymptotes at n, n', and through 
Pand the vertex J. draw parallels to tie i 
asymptotes, forming the parallelogramB 
PmCt, AECB. This last is a rhombus 
because its adjacent sides CE, CD are equal, being the 
semi-diagonals of equal rectangles. 

It will now be proved that 

Area PmCf = area AECI)=l Rect. AB'BC. 

By the proposition which precedes we have 

'CB'^Pn ■ Pn' (1) 

And from the similar triangles AB'E, Pnm, and the 
similar triangles AJDb', Pin' we also have 
AE:AB'=CB: imP: Pn 
AI):A(>'=CB:'. Pi: Pn' 

Multiplying these proportions, term by term, we find 
AE-ADTCB^ •.-.mP-Pl: Pn-Pn' 

By equation (1) the consequeutB of this proportion are 
equal, therefore the antecedents are also equal- 
That is, AE ■ AD=mP ■ Pi 

If the first member of this equation be multiplied by 
sin. \_DAE, and the second member by the sine of the 
equal \_mPl it becomes 

AE-AD- sin. BAE=mP ■ Pi • sin niPt 

But AE 'AD ■ sin DAE measures the area of the rhom- 
bus AECD and mP-Pl sin. mPt measures the area of 
theparallelogramjf^Cif; therefore the parallelogram and 
the rhombus are equivalent. Moreover, because the 
A's AEC, AD C are equal, and the A's AEC, AEB' are 
equivalent, it follows that the rhombus AECD is equiva- 
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lent to the AAB'C, or, to one half of the rectangle con- 
tained hy the semi-axes. 

Hence the theorem ; the 'parallehgrams formed, etc. 

Cor. 1. If from the rhomhua AECD and the parallel- 
ogram PmC? the common part be taken, there will remain 
the parallelogram AKiD, equivalent to the parallelogram 
FmEK, and if to each of these the curvilinear area J.^P 
be added, we shall have 

Area APmE= area APtD. 

Had we proceeded in the same way with the parallelo- 
gram FmCt and any parallelogram other than AECD we 
should have had a like result; therefore 

If from any two points in the hyperbola paraUels be drawn 
to each asymptote, the area bounded ' by the parallels to one 
asympMe, the other asymptote, and the curve will be equivalent 
to the other area like bounded. 

Scholium.— If one half of the rectangle contained hj the semi- 
axes of the hyperbola be denoted by a, the distance Om by x, and 
the distance ny>^ Ct by y, then, by this proposition, we shall have 
the eqiiation xy=za, which, in analytical geometry, is called the 
equation of the hyperbola refciTed to its center and asymptotes. 

Cor. 2, In the equation xy'=a, y expresses the distance 
of any point of the curve from the asymptote on which 
a; is estimated. From this equation we get7/=-. Now 
it is evident that as x increases y decreases, and finally 
when X becomes infinite, y becomes zero. That is, the 
asymptote continually approaches the hyperbola without 
ever meeting it, or without meeting it within a finite dis- 
tance. We were, therefore, justified in assuming that 
the diagonals of the rectangle formed by the tangents 
through the vertices of the axes were asymptotes to the 
hyperbola. 
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6EIEEAL DEFINITIONS AND KEMARKS. 

Analytical Geometry, as the terms imply, proposes to in- 
vestigate geometrical truths hy means of analysis. In it 
the magnitudes under consideration are represent by sim- 
bols, such as letters, terms, simple or combined, and equa- 
tions ; and problems are then solved and the properties 
and relations of magnitude established by processes pure- 
ly algebraic. 

A si7>gle Utter, without an exponent, will always be un- 
derstood as denoting the length of a line ; and in general, 
any expression of the first degree denotes the kngth of a line 
and is, for this reason, said to be linear; so likewise, an 
equation all of whose terms are of the first degree is call- 
ed a linear equation. 

An expression of the second degree will represent the meas- 
ure of a surface, and an ezpres&ion of ike third degree will 
represent the measure of a volume. 

"WTieu a terra is of a higher degree than the third, a 
sufficient number of its literal factors, to reduce it to this 
degree, must be regarded as numerical or abstract. 

The subject of Analytical Geometry naturally resolves 
itself into two parts. 

First. That which relates to the solution of deiemiinate 
problems; that is, problems in which it is required to de- 
termine certain unknown magnitudes from the relations 
which they bear to others that are known. In this case 
we must be able to express the relations between the 
known and unknown magnitudes by independent equa- 
tions equal iu number to the required magnitudes. 
(96) 
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After liaving obtained, by a solution of the equations 
of the problem, the algebraic expressions for the quanti- 
ties sought, it may be necessary, or, at least desirable, to 
construct their values, by which we mean, to draw a geo- 
metrical figure in which the pai-ts represent the given and 
determined magnitudes, and have to each other the rela- 
tions imposed by the conditions of the problem. This is 
called the consirueUon of the expression. 

This branch of analytical geometry, which may bfe 
termed Determinate Getmieiry, being of the least impor- 
tance, relatively, will be omitted, after this reference, in 
the present treatise, and we shall pass at once to division. 

Second. That which has for its object to discover and 
discuss the general properties of geometrical magnitudes. 
In this the magnitudes are represented by equations ex- 
pressing relations between constant quantities, and, either 
two or three indeterminate or variable quantities, and for 
this reason it is sometimes called Indeterminate Geometry. 

GENERAL PlIOPEUTIES 



GEOMETRICAL MAGNITUDES. 

CHAPTEE I. 



DEFIXITIONS. 

L Co-ordinate Axes are two straight lines drawn in a 
plane through any assumed point and making witli each 
other any given angle. One of these lines is the axis of 
abscissas or the axis of -X; the other is the axis oi ordinates, 
or the axis of Y, and their intersection is the origin of co- 
ordinates. 

2. Abscissas are distances estimated from the axis of Y 
on lines parallel to the axis of X; ordinates ai-e distances 
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estimated from the axis of X ou lines parallel to the axis 
of T. 

3. The abscissa and ordinate of a point together ai-e 
called the co-ordinates of the point, 

4. The co-ordinate axes are said to he recia.Tigultir when 
they are at right angles to each other, otherwise they are 
oblique. 

5. The two different directions in which distances may 
be estimated ii-om either axis, on lines parallel to the 
other, are distinguished by the signs phis and minuR. 

6. Abscissas are designated by the letter x and ordi- 
nates by the letter y, and when unaccented they are called 
general eo-ordinatea, because they refer to no particular 
one of the points under consideration. When particular 
points are to he considered the co-ordinates of one are 
denoted by x' and y'; of another by a:" and y", etc., which 
are read x prime, y prime, x second, y second, ete. 

Illustrations. — Through any point J. 
draw the lines XX'y YY" making with 
each other any given angle. Call XX' 
the axis of abseiesaa and YY' the axis 
of ordinates. A is the origin of co-or- 
dinates, or zero point. The four angu- 
lar spaces into which the plane is divi- 
ded are named, respectively, j?rs(, second, 
third, andfowth angles. YAX is the first angle, YAX' 
is the second angle, Y'AX' is the third angle, and Y'AX 
is the fourth angle. 

Take any point, aa P, in the first angle, and from it 
draw Fp parallel to the axis of Y and Pp' parallel to the 
axis of X, the first meeting the axis of Xatp, and the 
second the axis of Y at p'; then p'P=Ap is the abscissa, 
ajiA pP=:Ap' is tha ordinate of the point P. 

Now produce Pp' to P' making p' P'=p' P, and from 
J" draw a parallel to the axis of Y meeting the axis of X 
s,tp"; then the point P" is in the second angle, and p'P' 
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=Af" is its abscissa, and p"P'=Ap' is the ordinate. By 
like constructions we determine the position of the point 
P" in the third angle, and that of the point P'" in the 
fourth angle. 

It is evident that the abscissas of these four points are 
numerically equal, as are likewise their ordinates ; but if 
we have reference to the algebraic signs of the co-ordi- 
nates, each point will be assigned to its appropriate angle 
and will be completely distinguished from the others. 
Abscissas estimated to the right of the axis of Y are posi- 
tive and those estimated to the \Q&.s.r& negative. Ordinates 
estimated from the axis of X upwards are positive, those 
estimated downwards are tiegaUve. 

We shall therefore have for points 

In the 1st angle, x positive, y positive. 
" " 2d " a; negative,!/ positive. 
" " 3d " a: negative 7/ negative. 
" " 4th " a: positive y negative. 

From what precedes we see that the position of a point 
in the plane of the co-ordinate axis is fully determined 
by its co-ordinates. To construct this position we lay off 
on the axis of X the given abscissa, to the right, or to the 
left of the origin, according to the sign ; also lay off on 
the axis of Y'the given ordinate, upwards from tlie origin 
if the sign be plus, downwards if it be minus. The lines 
drawn through the points thus found, parallel to the co- 
ordinate axes, will intersect at the required point and fix 
its position. 

As rectangular co-ordinates are more readily appre- 
hended than oblique, and as discussions and algebraic 
expressions are generally less complicated where refer- 
ences are made to the former, than when made to the 
latter, rectangular co-ordinates will be habitually em- 
ployed in the following pages. "When we have occasion 
to use others it will be so stated. 
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PROPOSITION I. 

To find the equation of a straight line, 

Let XX", YT be two rectangu- 
lar eo-ordinate axes. A being tbe 
origin draw any line as L'L tbrough 
this point, and designate the natu- 
ral tangent of tbe angle LAXhja. 

Then take any distance on AX 
as AP, and represent it by x, and 
the perpendicular distance PMy. 

Then by trigonometry we have 

Rad : tan. MAP : : AP 

or \: a: : x-.y 

Whence y^ax (1) 

Now this equation is general ; that is, it applies to any 
point M on the line AL, because we can make x greater 
or I'ess, and PJf will be greater or less in like proportion 
and Jf will move along on the line AL as we move P on 
the line AX. Because the point Jf will continue on the 
line^i through all changeaof xand ?/, we say iha,ty=ax 
is the equation of the line AL. 

Now let us diminish x to 0, and the equation reduces 
to ?/=0 at the same time, which brings Mto the point J.. 

Let X pass the line YY', then AP" becomes — x, and 
the corresponding value of ?/ will be P'M', and, being be- 
low the line X' X, will, therefore,be mmws. 

Therefore y=ax. 

is the general equation of the line LL', extending indefi- 
nitely in either direction. 

If the tangent a becomes less, the line will incline more 
towards the line X'X. "When a=0 the line will coincide 
with YY'. 

Now let AP'" be -fz, and a become — a, then P"'M"' 
vf'Il correspond to y, and becomes minus y, I 
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below the axis XX', Or, algebraically y= 
ting some point M'" below tJie horizontal axis. 

It is, therefore, obvious that y=ax may represent any 
line, aa iZ.', passing through A from the Isi into ike Bd 
quadrant, and that y= — ax may be made to represent any 
line, aa U'L'", passing through A from the 2d into the 
4th quadrant. 

Therefore ^=±0:3; 

tnay be made to represent any straight line passing throuyh ike 
zero point. 

In case we have — a and — x, that is, both a and x mi- 
nus at the same time, their product will be +ax, showing 
that 1/ must be plus by the rules of algebra. 

Aa an exercise, let the learner examine.these Hues and 
see whether thoy eorreepond to the equation, 

"When we have — a we must draw tlie Hoe from A to 
the right and beloio AX; then XAL'" is the angle whose 
natural tangent is —a. But the opposite angle XAL"ia 
the same in value. 

"When we have — x we must take the distance as AF" 
to the left of the axis FP, and the corresponding line 
P'M" is above XX', and therefore plus, as it ought to be, 

But the equation of a straight 
line passing through the zero 
point is not sufficiently general 
for practical application ; we will 
therefore suppose a line to { 
in any direction across the i 
YY', cutting it at the distance 
AB or AD (±6) or b distance 
above or below the zero point A, 
and find its equation. 

Through the zero point A draw a line, AN, parallel to 
ML. 

Take any point on the line AX and through P draw 
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PM parallel to A Y, then ASMNwill be a parallelogram. 

Put AP=x. PM=y. The tangent of the angle 
NAP=a. Then will NP=ax. 

To each of these equals add NM=b, then we Bhall have 
y=ax-\-b 
for the relation between the values of x and y correspond- 
ing to the point M, and aa M is any variable point on the 
line ML corresponding to the variations of x, this equa- 
tion is said to be the equaticm. of the line ML. 

"When h is miims the line is then QL', and cuts the axis 
YY' in J), a point aa far below J. as S is above A, 

Hence we perceive that the equation 
y=±Lax^h 
may represent the equation of any line in the plane YAX. 

If we give to a, x, and b, their proper signs, in each 
ease of apphcation we may write 

y=ax+b 
for the equation of any straight line in a plane. 

Cor. Since the equation y=ax+b truly expresses the 
relation between the co-ordinates of any point of the line, 
it follows that if the co-ordinates x' and y' of any partic- 
ular point of the line be substituted for the variables x 
and y the equation must hold true ; but if the co-ordinates 
a:" and y", of any point out of the line be substituted for 
the variables, the equation cannot be true, 

"WTiat appears in the particular case of a straight line 
are general principles which we thus enunciate, viz : 

1st. ^ the co-ordinates of a particular foint, in any line 
whatever, be substituted for the variables in the elation of the 
line, the equation must be satisfied; but if the co-ordinates of 
a point out the line, be substituted for the variables in its equa- 
tion, the equation cannot be satisfied. 

2d. 1^ the co-ordinates of any point be substituted for the va- 
riahles in the equation of a line, and the equation be satisfied, the 
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point must be on the line ; but if the equation be not satisfied by 
the substitution, ike point cannot be on the line. 

These are principles of the highest importance in ana- 
lytical geometry, and should be thoroughly committed 
and folly understood by the student. 

SCHOLitTM. — Instead of rectangular, let us as- y 

Bume the oblique co-ordinate axes jIX and A Y, , 

making with each otter an angle denoted by m. / 

Through, the origin draw the line AP making with / /^ 

the axis of x the angle PAI)7=n; tten the angle / '/I 
PAiy^m — n. Take any point as P in the line // / 

and from it draw PD' and PD parallel, respectively, -^^ — ^ X 

to the axes of X and Y. 

From the triangle APD we have (Prop. 4, Sec. 1, Plane Trig.) 
FB-.AB:: Sin. PAD=Bm. PAD' 

or !,:x::Sin.n:Sm.im-n.) 

Whence y^ -^... x 

But ^^ " is constant for the same line and may be repre- 
sented by a. 

Therefore, for any straight line passing through the origin of a 
system of ohlicLuc co-ordinate axes we have, as before, the equation 

And if we denot« by 5 the distance from the origin to the point 
at which a parallel line outs the axis of Fabove or below the origin 
we shall also have for the equation of this line 

in which it must he remembered that a denotes the sine of the 
angle that the line makes with asis of x divided by the sine of the 
angle it makes with the axis of Y. 

To fis in the minds of learners a complete comprehension of the 
equation of a straight line, we give the following practical 

EXAMPLES. 

1. Draw the line whose equation is ^^lx-\-8. (1) 

Then draw the line represented by y=— a;-|-2 (2) 

and determine where these two lines intersect. 
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Draw YT and ZX" at right angles, 
and taki ng any convenient unit of meas- 
ure lay it off on each of the axes from 
the origin in both positive and negative 
directions a sufficient number of times. 
Equation (1) is true for all values of 
X and 1/. It is true then when x=^0. ' 
But when a:^0 the point on the line 
must be oo the axis YT. 
When xz=(). y-2. 
This shows that the line sought for must cut YY' at the point 
+3, 

The equation is equally true when ^=^0. But when y^O, the 
corresponding point on the line sought must be on the axis XX', 
and on the same supposition the equation becomes 
0=2a:+3, Or arz^— li. 
That is, midway between —1 and — 2 is another point in the 
line which is represented by j=2aT-j-3, but two points in any right 
line must define the line; therefore ML is the line sought. 

Taking:; equation ('2) and making x=:0 will give y=2, and making 
y=0 will give x=i,\ therefore MQ,vxms% be the line whose equation 
isy:^ — x-^2., and these two lines with the axis XX' form the tri- 
angle LMQ, whose base is 3J and altitude about 2^. 

But let the equations decide, (not about,) but exactly the posi- 
tion of the point Jf of intersectiou. 

This point being in both lines, the co-ordinates x and y corres- 
ponding to this point are the same, therefore we may subtract one 
equation from the other, and the result will be a true equation, 

3;.+1^0. Ora'^— J. 
Eliminating x from the two equations we find y=2J. 
2 . For another example we ? erjuire the projection of the line repre- 
sented hy the equation 



Making x=0, then y=— 2. Making i/=0, then x= — 840. 
Using the last figure, we perceive that the line sought for must 
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pass ttrough S two UDita below tlie zero point, and it must take 
such a direction ^ Fas to meet tte axis XZ' at the distance of 840 
units to the left of zero. Hence its absolute projection ia practi- 
cally impossible. 

3. Connlruct the line whom equation is 

4. Construct the line whose equation is 

5. Construct the line r^esealed hy 

6. Comtract the line r^resented hy 
The linea represented by equations 4 and 6 

of Tat the same point. Why ? 

7. Ckni&truct the Una whose equation 

8. Construct the line whose equation. 
The last two lines intercept a portion of t 

the base of an isosceles triangle of which the two lines are the sidea. 
What are the base and perpendicnlar, and where the vertex of the 
triangle % 

"" ' ia 6, the perpendicular 1 J, Tertex on the axis of JT. 
sa represented hy the following equations. 
3jr-|- 5^—1 5^0 
2a:— 6y+7^0 

-ar+y+3=0 
23;— y-|-4=0 



3<=— 3«— 3. 
23<=3a+5. 
y^ix — 3. 
6 wOl intersect the axis 

y^2a-3. 

i of Twhich ig 



Ans. The base is 
Construct the lin 



11. 



PROPOSITION II 

To find the distance between two given points in the plane of 
the co-ordinate axis. Also, to find the angle made by the line 
joining the two given points, and the axis of X. 

Let the two given points be P Y 
and §, and because the point P is 
said to be given, we know the two 
distances 

And because the point § ia 
given we know the two distances. 
AM=3^' and Mq=f. 
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Then, AM—AN=NM=PIt=x"—x'; 

and MQ—MM= QE=f—y'. 

In the right angled triangle PRQ we have 
{PEf+{RQY={Pqf. BiitD=P§. 

That is iy={x''—xJ-\-{y"—y'f, 

Or D=^{:e'—xJ+ (^"—ff 

Thus we discover that the distance between any two 
given points ie equal to the square root of the sum of the 
squares of the differences of their abscissas and ordinaies. 

If one of these points be the origin or zero point, then 
x'=i} and y'=0, and we have 

a result obviously true. 

To find the angle between PQ and AX. 

PR is drawn parallel to AX, therefore the angle sought 
is the same in value as the angle QPR. 

Designate the tangent of this angle by a, then by trigo- 
nometry we have 

PR: PQ:: radius : tan. QPR. 

That is, x" — x' : y" — y' : : 1 : a. 

Wheuee '^"yC^' 

In case y"=y'., PQ will coincide with PR, and be paral- 
lel to AX, and the tangent of the angle will then be 0, 
and this is shown by the equation, for then 

x" — x' 

In case x"=x', then PQ will coincide vrith PQ and be 

parallel to A Y, and tangent a will be infinite, and this 

too the equation shows, for if we make s^'=x' or x"=a;' 

=0, the equation will become 
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PEOPOSITION III. 

To find the equation of a line drawn through any given 
point. 

Let P te the given point : The eq^uation must be in 
the form 

y=ax-\-b (1) 

Because the line must pass through the given point 
whose co-ordinates are x' and j/', we must have 
y'=ax'-\-b. (2) 

Subtracting equation (2) from equation (1) member 
from member, we have 

y—y'=a{x—x') (3) 

for the equation sought. 

In this equation a is indeterminate, as it ought to be, 
because an infinite number of straight lines can be drawn 
through the point P. 

We may give to y' and z' their numerical values, and 
g^ve any value whatever to a, then we can construct a 
particular line that will rnn through the given point P. 

Suppose a:'=2, ^'=3, and make ffl=4. 

Then the equation will become 

Or y=4:X — 5. 

This equation is obviously that of a straight line, hence 
equation (3) is of the required form. 

FKOPOSITION IT. 

To find the equation of a line which passes through two 
given points. 

Let A^ and j1 y be the co-ordinate axes, and P and Q 
the given points. Denote the co-ordinates of P by x', y' 
and of Q by x", y". 

The required equation must he of the form 

y=ax+b Q) 
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'We will now ctetermine such ^ 
vf.Iues for a aud b as will eauae the 
I'.ne representf.d by this equation 
to paas through the given points. 

As the line is to pass through 
the point P, the co-ordinatea x', 
y' of this point when substituted 
for the variables x, y must satisiy A*" 
the equation, and we shall have 

y'=ax'+b (2) 

And because the line is to pass through the point Q, 
whose co-ordiBates are 7^',y" we will also have 
f=ax"+b (3) 

Subtracting eq. (2) from eq. (3) member from member, 
we get 

y"—y'=a {x!'~-x') 

J'-V 

x" — x' 
Trom eqa. (1) and (2) we obtain in like manner 

y—y'=a{x—x') (5) 

Substituting for a in eq. (5) its value in eq. (4) we find 

y — y'= y '" - (x — x') (6) 

X — x' 
for the equation sought. 

If wo subtract eq, (3) from eq. (1) member from mem- 
ber, and substitute for a in the resulting equation its value 
in eq. (4) we find 



"WTience 



(4) 



y—y^-z, 



■l_{x—x") 



m 



for the required equation. 

By simply clearing eqs, (6) and (7) of fractions and re- 
ducing, it may be shown that they are in fact but different 
foiTus of the same equation. 

To pi-ove that either of these equations is that of a line 
passing through the points P and Q, we have but to suh- 
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Btitute in it, for x and y, the co-ordinates of these points. 
It will be found that when these suhstitutious are made 
for either point, the ec[iiation will be satisfied. 

"We will illustrate the use of these eq^uations by the fol- 
loiving 

EXAMPLES. 

1. The co-ordinates of P are x'=%, y'=4, and of §, 

What is the equation of the line that passes through 
these points ? 

Here a=tizl.=^^:^^^\ 

And the equation y — y'= „ -jx — x*) 
X — z' 

^_-i=j(a^3) ovy=\x+Zl 

By substituting in the equation y — 'if'=\^ ^ -{x — 3:^ 

we get;y — Z=^{x+1) or?/=j3:-|-3J,the same as that above. 

2. Find the equation of the straight line that is deter- 
nained by the points whoso co-ordinates are x'= — i, y'= 
—1 and x"=4^, y"=—^° 

Ana. y= — ^^x — Ijf. 

3. The co-ordinates of one point are a:'=6, y'=5, and 
of another they are x"= — S,y"=3. "WTiat is the equation 
of the straight line that passes through these points ? 

Ans. y=ix+Zl 



PROPOSITION V. 

To find the equation of a straight line which shall pass 
through a given point and make,with a gimv line, agiven angle. 
The equation of the given line must be in the form 
y=ax-\-b. (1) 

10 
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Because the other line must pass through a given point 
its ecLuation must be (Prop. EI.) 

y — y'=a'[x — x'). (2) 

We have now to deteiraine the value of a'. 

"When a and a' are equal, the two lines must be paral- 
lel, and the inclination of the two lines will be greater or 
leas according to the relative values of a and a'. 

Let PQ be the given line, 
making with the axis of -J" an 
angle whose tangent is a and 
FB the other line which shall 
pass through the given point P 
and make with PQ, a given an- 
gle QPB. The tangent of the ' 
angle PPXis equal to a'. 

Because PRX=PQR-\- QPS. 

QPR=PRX—PQR 
Tan. §Pi?=tan. [PRX—PQR.) 

As the angle QPR ia supposed to be known or given, 
we may designate its tangent by m, and m is a known 
quantity. 

K^ow by trigonometry we have 

m=tan. vn Y\—Vqm= ^'^^ (3) 

l-^-aa' 

Whence a'=^±^_. 

1—ma 
This value of a' put in eq. (2) gives 

y-y'=(^.)(x-x'] (4) 

VI — 7ml 
for the equation sought. 

Q/r. 1. When the given inclination is 90°, m its tan- 




An infinite quantity cannot be increased or diminished 
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relatively, by the addition or subtraction of finite quanti- 
ties, therefore, on that supposition, 



a+m 



. becomes— 



1 — -ma — rna 

Application. — To make sure that we comprehend this 
proposition and its resulting equation, we give the fol- 
lowing example : 

The equation of a given line is y=2x+G. 

Draw another line that will in- 
tersect this at an angle of 45° and 
pass through a given point P, 
whose co-ordinates are 
x'=dl, f=2. 

Draw the line MN correspond- 
ing to the equation i/=2x+ 6. Lo- 
cate the point P from its given co" 
ordinates. 

Because the angle of intersection is to be 45", m=l, 
anda=2. 

SubatitutiDg these values in eq. (4) we have 
^-2=— 3(x— 3J). 

Or 3/=— 3x+12|. 

Constructing the Hne MS corresponding to this equa- 
tion, we perceive it must pass through P and make the 
angle NMR 45°, as was required. 

The teacher can propose any number of like examples, 

Cor. Equation (3) gives the tangent of the angle of the 
inclination of any two lines which make with the axis of 
X angles whose tangents are a and a'. That is, we have 
in general terms 




l-\-aa' 
In case the two lines are parallel m=0. "Wlience a'=a, 
m obvious result. 
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In ease tlie two lines are perpendicular to each other, 
m must be infinite, and therefore we must put 

to correspond with this hypothesis, and this givea 

a 
a result found in Cor, 1. 

To show the practical value of this ec^uation we require 
the angle of inclination of the two lines represented by 
the equations y=Zx — 6, and j/= — x+2. 

Here (1=3 and a'= — 1. "Whence 



This is the natural tangent of the angle sought, and if 
we have not a table of natural tangents at hand, we will 
take the log. of the number and add 10 to the index, then 
we shall have in the present example 10.301030 for the 
log. tangent which corresponds to 63° 26' 6" nearly. 

The minus sign merely indicates the position of the 
angle; it is defow the angular point. 

2. What is the inclination of the two lines whose equa- 
tion are 

2y=5x+S 
and 2t/=—2x+Q ? 

Ane. The tangent of their inclination is 4f 

Log. 4.T5 plus 10=10.676694. 
The inclination of the lines is therefore 78° 6' 5". 

3. Find the equation of a line which will make an an- 
gle of 56° in the line whose equation is 

2?/=56j:+4. 

As the required line is to pass through no particular 

point, but is merely to make a given angle with the 

known line, we may assume it to pass through the origin 

of eo-ordinatea. Its equation will then be of the form 
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y=a'x. "We must now determine Buch a value for a' that 
the two lines will make with each other an angle of 56°. 

Represent the tangent of the given angle by (; then by 
corollary (2) 

Til the tables we find that log. tangent of 56° to be 10, 
171013, from which subtracting 10 to reduce it to the log. 
of the natural tangent and we have 0.171013 for the log. 
of t. The number corresponding to this is 1.483. 

"Whence '^'"^-^=1.483 

Prom which we find a'= — 1,473 nearly and the equa- 
tion of the line making -with the given line, an angle of 
66° is therefore 

y=—lA1Zx. 

PROPOSITION VI. 

To find the eo-ordirtates which will hcate the point of inter- 
section of two straight lines given by their equatims. 

"We have already done this in a particular example in 
Prop. I, and now we propose to diQ^UGe general expressims 
for the same thing. 

Let y=ax+h be the first line. 

And y=a'x+h' be the second line. 

I* or their point of intersection y and x in one equation 
will become the same as in the other. 

Therefore we may subtract one equation fi'ont the 
other, and the result will be a true equation. 

For the sake of perspicuity, let x^ and y^ represent the 
co-ordinates of the common point, then by subtraction 
[a — «')x, -\-h — 6'=0 

Whence x, fcQ.ai.d i/, ^^^t^ . 
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EXAMPLE. 

At wliat point will the lines represented by tlie two 
equationa 

y=—2x+l 
and )/=53;+10 intersect each other. 

Here a=—2, a'=5, 5=1, &'=10. Whence x=—^, y= 

If we take another line not parallel to either of these, 
the three will form a triangle. 

Then if we locate the three points of intersection and 
join them, we shall have the triangle. 

PEOPOSITIOl^ Til. 

To draw a perpendieular from a given, point to a given 
straight line and to find its length. 

Let y=ax+b be the equation of the given straight line, 
and x', y' the co-ordinates of the given point. 

The equation of the line which passes through the giv- 
en point must take the form 

y—y'=a' {x—x'). (Prop. 3.) 

And as this must be perpendicular to the given line, 

we must have a'= — -. Therefore the equations for the 
two lines must be 

y=ax+h for the given line; (1) 

and y — y'= {x — x'); 

Or y= x+{~+y'\ for the perpendicular line (3) 

Let x, andj;, represent the co-ordinates of the point 
of intersection of these two lines. Then by Prop. 6, 



ioovGoot^Ie 



STRAIGHT LINE 



'^'1 , ^'■(^^') 



On 



o+l 



\ a'+l I " o«+l 



Or we may conceive a: and 1/ to represent the co-ordin- 
ates of the point of intersection, and eliminating y from 
eqs. (1) and (2) we shall iind x as above, and afterwards 
we can eliminate y. 

Now the length of the perpendicular is represented by 



^(x,—x')'+{!/,^)'—D. (Prop. IL) 

Whence I / -^I'V'^''':' )' I b+ax'—f Y 

perpendicular. 

If we put u=b+ax' — y', the quantities under the radi- 
cal will become 



"Whence the perpendicular = ±! 



{a'+l]u'^_^ M 
+1)'" •iMa' 
_b+ax' — 1/' 



Va^+1 



1. The equation of a given line iay=dx — 10, and the 
co-ordinates of a ^ven point are a;'=4 and ?/'=5. 

"WTiat ie the length of the perpendicular from this ^yen 
point to the given straight line ? Ans. Jj^/SO. 

2. The equation of a line is y= — 5x — 15, and the co- 
ordiuatea of a given point are x'=4: and y'=5, 

What is the length of the perpendicular from the given 
point to the straight line ? Ans. 7.84-I-. 
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PEOPOSITION Till. 

To find the equation of a straight line which will bisect the 

angle contained by two other straight lines. 

Let y=axJrb (1) 

and y=a'x-\-b' (2) 

be the equations of two straight lines which intersect j 

the co-ordinatea of the point of intersection are 

/b^)' \ a'b — ah' ,-r, ttt 

x,= — __ — y= (Prop. VL 

\a — a' I a' — a 

"We now require a third line which shall pass through 
the same point of intersection and form such an angle 
with the a^sia of -I'(the tangent of which may be repre- 
sented hy m) that this line will bisect the angle included 
between the other two lines. Whence by (Prop. V.) the 
equation of the line sought must be 

y — y^=m{x — x,) (3) 

in which we are to find the value of W-. 

Let PiV represent the line cor- 
responding to equation (1) PJf the 
line whose equation ia (2), and PR 
the line required. 

Now the position or inclination 
of Pi\rto J. J!" depends entirely on 
the value of a, and the inclination 
of PM depends on a' and both are 
independent of the position of the point JP. 
Now S.PN='RPX'—NPZ' and MPIi=MP^—PPX'. 

"Whence hy the application of a well known equation 
in plane trigonometry, (Equation (29), p. 25S Plane Trig.) 
we have 

tan. SPN=taii. (J?PT'-^NPX")= '"^—^ 
1+am 

And tan. MPli=i&.a. (MP^—BP^=.^L^^ 
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But by liypotheais these two angles ItPJSf and MPS 
ire to be ec[ual to each other. Therefore 



l+am 1+a'm 

Whence mH^S^^m^l. (4) 

a'+a 

Thia equation will give two values of m; one will cor- 
respond to the line I'M, and the other to a line at right 
angles to JPJl. 

If the proper value m be taken from thia equation and 
put in eq. (3), we shall have the equation required. 

Practically we had better let the equations stand as 
they are, and substitute the values of a, a' x, and p, cor- 
responding to any particular ease. 

To illustrate the foregoing proposition we propose the 
following 



Two linea intersect each other : 

y= — 2x+5 is the equation of one line. (1) 

y=ix+Q is tliat of the other line. (2) 

Find the equation of the line which bisects the an. 
contained by these two lines : 

Here «=— 2, a'=i, 6=5, b'=G. 

Whence 3;,=— J, and )/, = V. 

Thus (3) becomes 

And eq, (4) becomes 

m^+9m=l. 

Whence m=0.1097 or m- 9.1097. 

2/— V=0.1097(x+i). 
Op j,_y=— 9.109T(x+J). 
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Equation (4) ie that of the line required ; (3) that of the 
line at right angles to the line required. All will be ob- 
vious if we construct the lines represented by the eqs. (1), 
(2), (3), and (4). 

For another example, find the equation of a line which 
bisects the angle contained by the two lines whose equa- 
tions are 

y=x+12, ?/=— 20a;+2. 

Here a=l, a'= — 20, "Whence (4) hecomea 
m' — -*|m=l- 

Therefore m=— 0.385, or +2.6. 

Note. — Two straight lines whose equations are 
Ipzax-i-h and i;'=:a+fi' 
will always intersect at a point (imlesa (!:::«') and with the axis of Yform 
a triangle. The area of such triangle is eipreased by 

-(S)x(¥) 

From the ^ven equations we find the co-ordinatea of 
the intersection of the lines to be 

For the line bisecting the angle included between the 
given lines we have either 

3/— W=-0-S85(3:+JJ) a) 

or, )/—V/ =2.6(3:+ ^a) (2) 

By transposition and reduction (1) becomes 

2/=_0. 3853; +11.75 (3) 

and (2) becomes y=2.6x+12.76 (4) 

The lines represented by eqs. (3) and {*) are at right an- 
gles to each other. The latter line bisects the angle in- 
eluded between the given lines, and the former the adja- 
cent or supplemental angle, 

3. From the intersection of two lines whose equations 
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Sy+5x=i (1) 

and 2y^Bx+i (2) 

A third line is drawn making, with the axis of ^, an 
angle of 30°. Find the intersection of the given lines 
and the equation of the third line. 

( The co-ordinates of the points of intersection 
Ans.-l are x,= — ,^, ^j = il) ^nd the required equation 
•- is ^—f 1=0,5773(3;+ ,%). 

4. Two lines are represented by the equations 

2^—Sx 1 

and %+3x=3 

"What kind of a triangle do these lines form with the 
intercepted portion of the axis of Y, and what are its sides 
and ite area ? 

( The triangle is isosceles; its baae on the axis 
Ans. -J of F is 2, the other aides are each 1.201+, and 
Mt9 area 0.66+. 

5. Two lines are given hy the equations 

— 2i2/+3^ic=— 2i 

and 2|?/ — 13:=4 

Required the equation of the line drawn from the point 
whose co-ordinates are x"=Z, ■jf\ =0 to the intersection of 
the given lines and the distance between these two pointa. 

Aiis [ ^^^ equation sought is y= — 0.717a;+2.1523 and 



the difitance is v'(1.8y+(2.52)^ 



TRANSFOEMATION OP CO-OEDINATES. 

It is often desirable to change the reference of points 
from one system of co-ordinate axes to another differing 
from the first either in respect to the origin or the direc- 
tion of the axes, or both. The operation by which this 
is done is called the Iransfcmnation of eo-ordinaies. The 
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system of eo-ordinate axes from which we pass is the prim- 
itive eyetem and that to which we pass is the new system. 

Let jUTand AY he the primi- ^ 
tive axes. Take any point, as A', 
the co-ordinatee of which referred 
to J.Xand A Fare x=^a,y=h and 
through it draw the new asea 
A'JP, and A' Y' parallel to the 
primative axes. Then denoting . 
the co-ordinates of any point, as 
M, referred to the primitive axes by x and y, and the co- 
ordinates of the same point referi'ed to the new axes by 
z' and y', it is apparent that 

x^a+x' 

y=:b+y' 
By giving to a and b suitable signs and values we may 
place the new origin at any point in the plane of the prim- 
itive axes and the above formulas are those for passing 
from one system of axes to a system of parallel axes hav- 
ing a diiferent origin. 

The formulas for the transformation of eo-ordinateB 
must express the values of the primitive co-ordinates of 
points in terms of the new co-ordinates and those quanti- 
ties which fix the position of the new in respect to the 
primitive axes. 

PROPOSITION IS. 

To find Ihe forT/mlas for passing from asysiem of rectangu- 
lar to a system of oblique co-ordinates from a different origin. 

Let A^, AY he the primitive axes and A'^, A' Y' the 
new axes. Through any point as M draw MF' parallel 
to A' Y' and MF perpendicular to J.'X Then A'P' is 
the new abscissa, P'iJf the new ordinate of the point M, 
and J.Pand PM are respectively the primitive abscissa 
and ordinate of the same point. 
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Let AB=a, BA'=b, AP'^x, 
FM='y,A'P'=x', P'M=y' the an- 
gle X'A'X"=m, and the angle 
PJ.'J'"=7i. Now by trigonome- 
try we have 

A'K=x'co%.m KP'=LH=x' sin. n 
P'H=KL=i/' COS. n. 

And MII=y' ain, a. 

Whence x=3f QO&.m+y' cos.n,y=~b+x' sin.m+jf' flin.n, 
the formula'* required. 

Scholium. — In case the two ajsteins have the same origin, we 
merely suppress a and 6, and then the formulaa required are 




PEOPOSITION X. 

To find the ftyrmuhs for passing from asystemof ohliqae co- 
ordinates to a system of reciavgidar eo-ordinates, the origin be- 
ing the same. 

Take the formulaa of the last problem 

x=x' COS. m-i-y' cos. n, y=x' sin, ra-\-y' sin. n. 

"We now regard the oblique as the primitive axes, and 
require the corresponding values on the rectangular axes. 
That ie, we require the values of x' and y'. If we multi- 
ply the first by sin. w, and the second by cos. n, and sub- 
tract their products, y' will be eliminated, and if x' be 
eliminated in a similar manner, we shaU obtain 



—y COB. ; 



/=■ 



_y COS. m — X sm m 



sin. {n—m) " sm.{n — m) 

Scholium. — If tte zero point be changed at the same time in 
reference to the ohlique s; 



=«+- 



L, we shall have 



We will close this subject by the following 
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EXAMPLE. 

The equation of a line referred to rectangular co-ordi- 
nates is 

y=a'x-\-b'. 
Change it to a Bystem of oblique co-ordinates having 
the same zero point. 

Substituting for x and y their values as above, we have 

x' sin. m+y' sin. n=a'{x cos.m+j/' cob. Ji)+6'. 
Reducing 

, (a' COS. m — sin, triSx' , h' 
y'=i__ L_-f- _ 

sm. n — a cos. m sm. ti — a' cos. m 

POLAR CO-OKDINATES. 

There are other methods by which the relative posi- 
tions of points in a plane may he analytically established 
than that of referring them to two rectilinear axes inter- 
secting each other under a given angle, 

For example, suppose the line Y 
AB to revolve in a plane about 
the point A. If the angle that 
this line makes with a fixed line 
passing through A be known, and 
also the length of J.jB, it is evident 
that the extremity B of this line 
will be determined, and that there A^ X 

is no point whatever in the plane the position of which 
may not be assigned by giving to AB and the angle 
which it makes in the fixed line appropriate values. 

The variable distance AB is called the radias vector, the 
angle that it makes with the fixed line the variable angle and 
the point A about which the radius vector turns, the pole. 
The radius vector and the variable angle together consti- 
tute a system of polar co-ordinates. 



Y 


/ 


B 

Tl ,, 


A 





asiGooi^le 



BTBAIGHT LINES. 



123 



Denote variable angle BAD by v, the radius vector by 
r and by x and y, the co-ordinates of B referred to the 
rectangular axes AJ[, A Y; then by trigonometry we 
hare 

3:=r COS. V and y=r ein. v. 

Now from the first of these we have r 



_(» may re- 
volve all the way round the pole), and as x and cos. v are 
both positive and both negative at the same time, that is, 
both positive in the first and fourth quadrants, and both 
negative in the second and third quadrants, therefore r 
will always he positive. 

Consequently, should a negative radius appear in any 
equation, we must i7i/er that some incompatible conditionB 
have been admitted into the equation. 



PROPOSITION XI. 

Tojind the formulas for changi-ng the reference of points from 
a system of rectangular co-ordinate axes to a system of polar 
co-ordinates. 

Let A'X, A> Y he the co- i 
ordinate axesj-i the pole AB 
the radius vector of any point, 
and AB parallel to A'X the 
fixed line from which the va- 
riable angle is estimated. De- 
note the co-ordinates A'E, 
X^Eof the pole by a and 6 and A.' 
the radius vector AB by r. Draw BC perpendicular to 
A' X; then is A'C=x the abscissa, and B(J=y the ordi- 
nate of the point B. From the figure we have 

A'(>=A'E+EC=A'E-irAF=A'E+AB eo8.v 

and B0=BF+FC--BF-{-AE=AM:+AB sin. v 
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x=a+r COS. v 

y=b+r sin. v. 

ScHOUUH, — If instead of estimating the Tariable angle from the 

line AD, which is parallel to the asis A'X, we estimate it from the 

line ^^ which makes with the axis the given angle BAD=m we 

shall have 

x=a^r COS. (y^m) 
y=6+r sin, (i-f to) 



CHAPTEE n. 
THE CIRCLE. 

I.IHB6 OP THE SECOND OKDEB. 

Straight lines can be represented by equations of tbe 
first degree, and they are therefore called lines of the first 
order. The circumference of a circle, and all the conic 
sections, are lines of the second order, because the etjuar- 
tione which represent them are of the second d 



PEOPOSITTON I. 

To find the equation of a circle. 

Let the origin be the center of 
the circle. Draw AM to any 
point in the circumference, and let . 
fall MP perpendicular to the axis 
ofX Put AF=x, FM=y and 
AM'-E. 

Then the right angled triangle 
APM gwes 

and this is the equation of the circle when the zero point 
is the center. 
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When jf=0, 3^=Ji\ or±x=i?, tliat ia, P is at 2: or A'. 
When x=0, y^=I^, or d=y=M, showing that M on the 
circumference ia then at Y or Y". 

When X is positive, then P is on the right of the axis 
of Y, and when negative, P is on the left of that axia, or 
between A and A'. 

When we make radius unity, as we often do in trigo- 
nometry, then x'-\-y'=\, and then giving to x ory any 
value^iws ovmimis within the limit of unity, the equation 
will give ua the corresponding value of the other letter. 

In trigonomeijy j is called the sine of (he are XM, and x 
its cosine. 

Hence in trigonometry we have Bin.^+coB.^=l. 

Now if we remove the origin to A' and call the distance 
A'P'=x, the AP=x — R, and the triangle APM gives 

Whence f=2Px—x'. 

This is the eqnation of the circle, when the origin is on 
the circumference. 

When z=0,y=0 at the same time. When x is greater 
than 2S, y beccrmes imaginary, showing that suck an hy- 
pothesis is inconsistent wiih the ezistetice of a point in the eir- 
camfermce of the circle. 

There ia still a more general equation of the circle 
when the zero point is neither at the center nor in the 
circumference. 

The figure will fully illustrate. 

'L^t AB=c, BC=h. Put^PY 
=x, or AP'=x, and PM or P* 
M"'=y, CM, CM', &c. each=ii:. 

In the circle we observe /owr 
equal right angled triangles. 
The num&ical expression is the 
same for each. Signs only indi- 
Cote positions. A P' B 
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Kow in caae CDM is the triangle wejix upon, 
We put AP=-=x, then 5P= CD={x—c), 

Whence {x^'+i^—bf^JP O) 

In case CDM' is the triangle, we put AF^x and PM' 

Then (x—cY+{b~yY=S* (2) 

In case CiyM.'" is the triangle, we put AP''=x, P'M" 

=y- 

Then (c— a:)H (3/— 6f=i? (3) 

If CD'M" is the triangle, we put P'M"=y. 

Then (c— i)H6— !/)'=iP (*) 

Equations (1), (2), (3), and (*), are in all respects numer- 
ically the same, for (c — £f=(x — cf, and {h—yf={2) — Vf. 
Hence we may take equation (1) to represent the general 
equation of the circle referred to rectangular co-ordinates. 

The equation {x—ef+{y—bY=S? (X) 

includes all the others by attributing proper values and 
signs to c and b. 

If we suppose both c and b equal 0, it transfers the zero 

point to the center of the circle, and the equation becomes 

x'-iry^=Ii? 

To find where the circle euts the axis of X we must 
makey=0. This reduces the general equation (1) to 

Op {x-^y=:B'—h'. 

Now if h is numerically greater than JS, the first mem- 
ber being a square, (and therefore positive,) must be equal 
to a negative quantity, which is impossible, — showing 
that in that caae the circle does not meet or cut the axis 
of X, and (his is obvious from the figure. 

In case i=J?, then {x — cy=0, or x=c, showing that the 
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circle would then touch the axis of J". If we make x=0, 
eq. (1) becomes 

Or (y_6)==_S=-,^. 

This equation shows that if c is greater than S, the 
circle does not cut the axis of Y, and this ia also obvious 
from the figure. 

If c be less than S, the second member is positive in 
value, and y=b±i^l^^^, 

showing that if the circumference cut the axis at all, it 
must be in two points, as at M", M". 



PROPOSITION II. 

The suppUramtary chords in the circle are perpendicular to 
each other. 

Bbfihition. — Two lines drawn, one through each ex- 
tremity of any diameter of a curve, and which intersect 
the curve in the same point, are called supplementary 
chords. 

That is, the chord of an arc, and the chord of its sup- 
plement. 

In common geometry this proposition is enunciated 
thus: 

AU angles in a semi-circle are right angles. 

The equation of a straight y 

line which will pass through 
the given point J5, must he of 
the form (Prop. m. Chap. I.) 

y^y'=aix—z'). 0) ^^^^ 



The equation of a straight it 
line which will pass thrini^h the given point JT, must le 
of the form y^y'=a'{x—x'). (2) 
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At the poiat B, y'=0, and x'=~B, or ~x'=Ji. 

Therefore eq. C^) becomes 

i/=a{x+B). (3) 

And for like reason eq. (2) beccmea 

For tlie point in wbicn these iine« intersect x and y in 
eq. (3) arc tfie same iia x and ;/ in eq. (4) ; henqe, these 
equations may be multiplied together under this sup- 
pofiition, and the result will be a true equation. That 
is. 

y-^^m'ix^—n^). (5) 

But as the point of intersection must be on the curve, 
by hypothesis, therefore, x and y must conform to the fol- 
lowing equation : 

y-^+x^=B^. Or y^=~l{x^—R'-'). (6) 

Whence aa'= — 1, or aa' -i-l+O. 

This last equation shows that the two lines are perpen- 
dicular to each other, as proved by (Cor. 2, Prop. 5., 
Chap. 1.) 

Because a and a' are indeterminate, we conclude that 
an infinite number of supplemental chords may be drawn 
in the semi-circle, which is obviously true. 



PEOPOSTION III. 

To find ike equation of a line tangent to the circumference 
of a circle at a given point. 

Let C be the center of the cir- 
cle, P the point of tangency, and 
Q a point assumed at pleasure in 
the circumference. 

Denote the co-ordinates of P_ 
by x', y', and those of Q by x, y. 

The equation of a line passing 
through two points whose co-or- 
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dinatea are x', y' and a;", y" ia of the form (Prop. 4, 
Chap. 1). 

y—y'=y!i:^(x—7^'). (1) 

x' — x" 

We are to introduce in this equation, first, the condi- 
tion that the points P and Q are in the eiremnference of 
the circle, which will make the line a secant line, and 
then the farther condition that the point Q shall coincide 
with the point P, which will cause the secant line to be- 
come the required tangent line. 

Because the points P and Q are in the circumference 
of the circle, we have 

and 3:"=-f-y'2=^ 

Whence by subtraction and factoring, 

(ar'+a:") {x'~x")+{y'+i/') (j/'— /) (2) 

from which we find 

y' — y" x'-\-3i' 
x'—x!'^~y'-\-f 

This value of ^Ll^i- substituted in equation G) gives na 

x' 3^' 

for the equation of the secant line, 

y-y'=-'ELp^{x-x') (3) 

y'+y" 

Now, if we suppose this line to turn about the point P 
until Q unites with P, we shall have x"=a:' and y"'=y', 
and the secant line will become a tangent to the circum- 
ference at the point P. 
Under this supposition eq. (?) becomes 

y—y' ^ {^—^% (4) 

y 

in which — is the value of the tangent of the angle 
which the tangent line makes with axis of X. 
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By clearing this equation of fractions, and substituting 
for x'^+y'* its value, i^, we have finally tor the equation 
of the tangent line, 

yy'+xx'=m. (5) 

This is the general equation of a tangent line ; z',y\ 
are the co-ordinates of the tangent point, and X, y, the 
co-ordinates of any other point ill the line. 

Scholium 1, — For the point in whioli ^ 
the tangent line cuts the axis of X, we 
inakey=°, then 

x=^=AT. 

I'OT the point in which it meets the 
axis of Y, we make x'=° , and 

2,= =AQ. 

y 

ScHOLltiM 2, — A line is said to be normal to a curve when it ia 
perpendiculax to the tangent line at the point of contact. 

Join A, P, and if APT ia a right angle, then AP is a normal, 
and AB, a portion of the axis of X under it, is called the skB- 
normal. The line JBT under the tangent is called the mltangent. 

Let via now discover whether APT is or is not a right angle. 

Put a'= the tangent of the angle PAT, then by trigonometry 




Eq. (6) 



Whence 



-1. Or 



Therefore AP is at right angles to PT. (Prop. 5. Chap. 1.) 
That is, a tangent line to the cireumfeTence of a circle at any point 
is perpendicular to ike raditts drawn to that point. 

Scholium 3. — Admitting the principle, which is a well-known 
truth of elementary geometry, demonstrated in the preceding scho- 
lium, we would not, in getting the equation of a tangent line to the 
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circle, draw a line cutting the curve in 
two points, but would draw the tangent 
line FT at once, and admU that the angle 
APT was a tight angle. Then it is eleai 
that the angle APB= the angle PTB. 

Now to find the equation of the line, 
we let x' and y' represent the co-ordinates 
of the point P, and x and y the general co-ordinates of the lino, 
and a the tangent of its angle with the axis of X, then (by Prop 
III, Chap. I,) we have 

Now the triangle APB gives us the following eipreBsion for the 
tangent of the angle APB, or its eqiial PTB, 



n the preceding equation, will give s 



Or y"—i/y'=.~x'^-irxs 

Whence y^'-]-a;a;'=K',the sa 



PROPOSITION IV. 



To find the equation of a line tangent to the circumference 
of a circle, which shall pass through a given point without the 
circle. 

Let ^"{866 last figure to the preceding proposition) be 
the given point, and x" and y" its co-ordinates, and x' and 
y' the co-ordinates of the point of tangency P. 

The equation of the line passing through the two points 
H and P mnat be of the form 

y-f=a{x-7i') (1) 

in which g=^ ^-. 

x' 3^' 

Since PH is supposed to be tangent at the point P, 
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and x' and y' are the co-ordinates of this point, equation 
(6) Prop. 3, gives us 



Placing this value of a in equation (1) we hare 
y—f=—^{x—7i') 

y' 

for the equation sought. 

Thia equation combined with 

which fixes the point P on the circumference will deter- 
mine the values of x' and y', and as there will be two 
real values for each, it shows that two tangents can be 
drawn from H, or from any point without the circle, 
which is obviously true. 

Scholium. We can find the value of tte tangent FT by means 
of the similar triangles ABP, PBT, which give 
x':B::y-:PT. 

More general and elegant formulas, applicable to all the conio 
BectioBs, will he found in the calculus for the normals, mibnormah, 
tangents a^i suhtangents. 



OP THE POLAK EQUATION OF THE CIRCLE. 

The polar equation of a curve is the equation of the 
curve expressed in terms of polar co-ordinates. The 
variable distance from the pole to any point in the curve 
is called the radizis vector, and the angle which the radius 
vector makes with a given straight line is called the vari- 
able angle. 
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(1) 




To Jind the polar equation of the circle. 
When the center iathepoleor the fised point, the equa- 
tion is 

and the radius vector M is then constant. 

Kow let P be the pole, and the 
co-ordinates of that point reftrred 
to the center and rectangular axes 
he a and b. Make PM=r, and 
MPJ['=v the variable angle; AN " 
=x and NM=y. Then (Prop. 11, 
Chap. 1.) we have 

x=a-\-r C09. V, and!/=6-|-r sin v. 
These values of x and y substituted in eq, (1), (ob- 
serving that coa.^i;+sin.'i'=l,) will give 

r=+2(ffl C09. v+b sin. i?)r+a'+6*— i?=*0 
which is the polar equation sought. 
ScnoLiUM 1, — P may be at any point 
ou the plane. Suppose it at B'. Then a 
■= — R and 6=0, Substituting these 
values in the equation, and it reduces to 
r^~-2Rr<ios. y=0. ^ 

As there is no absolute term, r-=(i will 
satisfy the equation and correspond to one 
point in the curve, and this is true, as P 
is supposed to be in the curve. Dividing by r, and 
r=2R COS. V. 
This value of r will be positive when cos. jj. is positive, and neg- 
ative when COS. v is negative ; but r being a radius vector can never 
be negative, and the figure shows this, as r never passes to ihe left 
of B, but runs into zero at that point. 

When u=0, cos. v=\, then r=BB'. When k=90, cos. v=0, 
and r becomes at B', and the variations of v from to 90, deter- 
mine all t,he points in the semi-circumference BDB'. 
12 
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Scholium 2, — If thepolebeplacedat 5, tIieQa=-|-jBandfi=:0, 
which reduces the general equation to 
r= -2R COS. V. 

Here it is necessary that cos. v should be negative to make r pos- 
itive, therefore v must commence at 90° and vary to 270° ; that is, 
be on the left of the axis of T drawn through B, and this corre- 
sponds with the Sgure. 

Application. The polar equation of the circle in its most gen- 
eral form ia 

)-'+2(a COS. v-\-h sin i;)r-|-a'+6'=S'. <X> 

If we make 6=0, it puts the polar point somewhere on the axis 
of X, and reduces the equation to 

Now if we make u=0, then will cos. 
j>=l, and the lines represented by ±r 
would refer to the points X, X, in the 

This hypothesis reduces the last equa- 
tion to 

j-'+2ar=(i?'-a') (3) 

and this equation is the same in form as the c 
algebra, or in the same form as 

Whence x=r, 2a=±p, and R* — a*=j 

These results show us that if we describe a circle with the radius 
Vg,+ip'i and place P on the axis of X at a distance from the cen- 
ter equal to to Jp, then PX represents one value of x, and PX 
the other. That is, 

x=~lp +^qAr\p''=PX. 

Or *=-Jp-v'j+iy= PX, 

and this is the common solution. 

When p is negative, the polar point is laid off to the left from 
the center at /", 

The operation refers to the right angled triangle APM. 
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Let the form of the quadratic be 

ThcQ comparing this with the polar equation of the circle, Te 

2a=±jp. S'—a'^ —q. 
x=±ip. ll=±^ip'-q. 
Take AX=R and desorihe a aemi- 
raiele. Take AP=ip and AJ"^— 
ip. From P and I ' draw the linea 
FM, and P'M" to touch the circle; 
and draw AM, AM". 

Here AP ia the hypotenuse of a ■'^' ^' ■*■ ^ ^ 

right angled triangle. In the first case AP was a side. 

In thia figure as in the other, PM~ i^q; but here it is inclined 
to the axis of X; in the first figure it was perpendicular to it. 

The figure thus drawn, we have PX for one value of x, and PX' 
is the other, which may be determined geometrically. 

If x'+px=—q 

x=-ip+ ^J^q^PX, or x=-ip—^ip'—q=PX. 
Observe that the first part of the value of x, is rnima, correfpond^ 
ing to d,' position from P to ike left. 

If x'—px=—q, 

we take P' for one extremity of the line x. 

x=ip+ ^ip^q=P'X, or x=lp— Vi p''—q~P'X. 
Here the first part of the value of x, (ip), is plui, because it it 
laid off to the right of the point P". 

Because E^^ ^^p'— q R or AM becomes less and leaa as the 
numerical value of q approaches the value of ip'. When these 
two are equal, ii!=0, and the circle becomes a point. When q is 
greater than Jp', the circle has more than vanished, ^ving no real 
eiiatence to any of theae linea, and the values of x are said to be 
imoffinan/. 

We have found another method of geomelrizing quad- 
ratic equations, which we consider well worthy of notice, 
althoujch it is of but little practical utility. 
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It will be remembered tbat the equation of a straigbt 
line passing througb the origin of co-ordinates is 
y=ax, (1) 

and tbat the general equation of the circle is 

If we make 6=0, the center of the circle must be some- 
where on the axis of ^. 

Let misrepresent a line, tbe 
equation of which is y=ax^ and 
if we take a=l, AM will in- 
cline 45° from either axis, as rep- 
resented in tbe figure. Hence 
y=x, and making {=0, if these > 
two values be aubstituted in eq. (2) and tbat equation re- 
duced, we shall find 

<f^qiJ^=^. (S) 

This equation has tbe common guadratic form. 

Equation (1) responds to any point in the straight line 
M'M. Equation (2) responds to any point in the circum- 
ference BMW. 

Therefore equation (3) which results from the combina^ 
tion of eqa. (1) and 1 2)^ must respond to the points M and 
W, tbe points in which the circle cuts the line. 

That is, PM and P'M' are the two roots of equation 
(3), and when one is above the axis of ^, as in tbia figure, 
it is the -positive root, and P'M' being below tbe axis of 
jJT, it is the negative root. 

When both roots of equation (3) are positive, the circle 
wiil cut the line in two points above the axis of X. When 
the two roots are minus, the circle will cut the line in two 
points below tbe axis of X. 

"When tbe two roots of any equation in the form of eq. 
(3) are equal and positive, the circle will touch the line 
above tbe axis of X. If tbe roots are equal and negative. 
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the circle mil touch the line below the axis of Jf. In 
case the roots of eq. (3) are imaginary, the circle will not 
meet the line. 

"We give the following examples for illustration : 

To determine tlie values oiyhj a geometrical construc- 
tion of this kind, we must make 

c=— 2, and -^"-=5. 

2 

"WTience _fi=3.74, the radius of the circle. Take any 
distance on the axes for the unit of measure, and set off 
the distance c on the axis of JT from the origin, for the 
center of the circle; to the right, if c is negative, and to 
the left, if e is positive. 

Then from the center, with a radius equal to 5= 
^2q+c', describe a circumference cutting the line drawn 
midway between the two axes, as in the figure. 

In this example the center of the circle is at C, the 
distance of two units from the origin A, to the right. 
Then, with the radius S.74 we described the circumfer- 
ence, cutting the line in M and M', and we find by meas- 
ure (when the construction is accurate) that Jl/P=4.44, 
the positive root, and M'P'= — 1.44, the negative root. 

For another example we require the roots of the following 
equation by eonstruciion: 

f+Qy=27. 

1^. B. "When the numerals are too large in any equa- 
tion for convenience, we can always reduce them in the 
following manner: 

Put y=m, then the equation becomes 

Or ^+^-Z.?L. 

n w 
12« 
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^Jow let n= any number wkaU 
ever. J£ n=3, then 

Here e=2. _^r:^=3. 

2 
Whence 5=s/10=3.16. 

At the distance of two units to 
the left of the origin, is the center of the circle. 
by the figure that 1 is the positive root, and — 3 
ative root. 

But i/=m, n=S, 2=1, y=Z or — 9. 

"We give one more example. 

Construct ike equaHm 




We see 
the neg- 



Here c=4, and 



IP- 



Whence 2i= 



Using the same figure as before, the center of the cir- 
cle to this example ia at D, and as the radius is only 2, 
the circumference does not cut the line M'M, showing 
that the equation has no real roots. 

We have said that this method of finding the roots of 
a quadratic was of little practical value. The reason of 
this conclusion is based on the fact that it requires more 
labor to obtain the value of the radius of the circle than 
it does to find the roots thGrnseives, 

Nevertheless this method is an interesting and instruct- 
ive application of geometry in the solution of equations. 
When we fiiid the polar equation of the ■paraAola, we shall 
then have another method of constructing the roots of quad- 
ratics which will not require the extraction of the square root. 
To facilitate the geometrical solution of quadratic 
equations which we have thus indicated, the operator 
should provide himself with an accurately constructed 
scale, which is represented in the following figure. It 
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^ A $ k 



consists of two lines, or axes, 
at right angles to each other, 
and another line drawn 
through their intersection and 
making with them an angle 
of 45°, On the axes, any con- 
venient unit, as the inch, the 
half, or the fourth of an inch, 
etc., is laid off a sufficient 
mimber of times, to the right 
and the left, above and below the origin, from which the 
divisions are numbered 1, 2, 3, etc., or 10, 20, 80, etc., or 
,1, .2, ..3, etc. To use this scale, a piece of thin, transpa- 
rent paper, through which the numbers may be distinctly 
seen, is fastened over it, and with the proper center and 
radius the circumference of a circle is described. The 
distances from the axis of ^ of the intersections of this 
circumference, with the inclined line through the origin, 
will be the roots of the equation, and their numerical 
values may be determined by the scale. 

By removing one piece of paper from the scale and 
substituting another, we are prepared for the solution of 
another equation, and so on. 

EXAMPLES. 

1. Given z^+llx=SO, to find x. Ans. a:=5, or— 16. 

2. Given x'—Sx=28, to find x. Ans. x=7, or — 4. 

3. Given -j? — x=2, to find x, Ans. x=2, or — 1. 

4. Given a:^— 12a;=— 32, to find x. Ans. x=^i, or 8. 

5. Given :r=— 12a;=— 36, to find x. Ans. Each value 



6. Given a:^— 12z=— 38, to find x. Both values imag- 
inary. 

7. Givenar'+6a:=— 10, tofind x. Both values imag- 
inary. 

8. Given a:*=81, to find x. Ans. x=d, or— 9. 
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=81; 

"Whence, ii=9v'2. 

This method may therefore be used for extracting the 
square root of numbera. In such eases, the center of the 
circle is at the zero point. 

CHAPTER nL 

THE ELLIPSE. 

"W"e have already developed the properties of the M- 
lipse, Paraboh. und Hyperbola by geometrical processes, and 
it is now proposed to re-examine these curves, and de- 
velop their properties by analysis. 

As he proceeds, the student cannot fail to perceive the 
superior beauty and simplicity of the analytical methods 
of investigation; and, even if a knowledge of the conic 
sections were not, as it is, of the highest practical value, 
the mental discipline to be acquired by this study would, 
of itself, he a sufficient compensation for the time and 
labor given to it. 

As ail needful definitions relating to these cui-ves have 
been given in the CoNic Sections, we shall not repeat 
them here, but will refer those to whom such reference 
maybe necessary to the appropriate heads in that division 
of the work. 

PBOFOSITION I. 

To find the equation of the ellipse referred to its axes as the 
axes of co-ordinates, the major axis and the distance from the 
center to (he focus being given. 

Let A A' be the major axis, FF" the foci, and Cthe 
center of an ellipse. Make CF=c CA=A. Take any 
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point on tte curve, and irom it 

let fall the perpendicular Ft on 

the major axis; then, by our 

conventional notation, is Ct^x, 

iP=y. 

As F'P+FF=^ we may 

put F'P=A-\-z, and PF=A—z. Then the two right an- 
gled triangles F'Fi, FFt, give ua 

{c-\-xf+if={A-\-zy (1) 

[x^~ef-hy^={A—zY (2) 

For the points in the curve which cause i to fall between 

C and F, we would have 

{<^xf+f={A~-zr (3) 

But when expanded, there is no difference between eqs, 

(2) and (3), and by giving proper values and signs to x 

and y, eqa. (1) and (2) will respond to any point in the 

cur\-e as well as to the point P. 

Subtracting eq. (2) from eq. (1), member from member, 

and dividing the resulting equation by 4, we find 

cx=Az, or z=— (4) 

A 
This last equation shows that F'F, the radius vector, 
varies as the abscissa x. 

Add eqs. (1) and (2), member to member, and divide 
the result by 2, and we have 

Substituting the value of z^ from eq, (4), and clearing 
of fractions, we have 

Or, AY+{A^~-<?)3?=A\A^~(?). (5) 

Now conceive the point F to move along describing 

the curve, and when it comes to the point D, so that DC 

makes a right angle with the axis of X, the two triangles 

DCFand XlCF' are right angled and equal, DF and 
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DF' eacli is equal to A, and as CF, CF, each, is equal to 
c, we have 

It is customary to denote DG half the minor axis of the 
ellipse by B, as well as half the Tnajor axis by A, and ad- 
hering to this notation 

B'=A^~<?. (6) 

Substituting this in eq. (5), we have for the equation 
of the ellipse 

AY+S'3?=A^:^, 
referred to its center for the origin of co-ordinates. 

If we wish to transfer the origin of co-ordinates from 
the center of the ellipse to the extremity A' of its major 
axis, we must put 

x= — A+x', and y=y'. 
Substituting these values of x and y in the last equa- 
tion, and reducing, we have 



Or without the primes, we have 

f^^l^Ax-^, 

for the equation of the ellipse when the ori^n is at the 
extremity of the major axis. 

Cor. 1. If it were possible for B to be equal to A, 
then c must be equal to 0, as shown by eq. (6), Or, while 
c has a value, it is impossible for B to equal A, 

If B=A, then e=0, and the equation becomes 
A.Y+A''x'=A^A^. 
Or y^+x^=A^, 

the equation of the circle. Therefore the circle may be 
called an ellipse, whose eccentricity is zero, or whose eccen- 
tricity is injmiiely small. 
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Cor. 2. To find where the eun^e cute the fl^ia of JT, 
make y=fi in the ec[uation, then 
x=±A, 
showing that it extends to equal distances from the center. 

To find where the curve cuts the axis of Y, make a:=0, 
and then 

y=±B. 

Plus B refers to tha point i>, — B indicates the point 
directly opposite to /), on the lower aide of the axis of X. 

Finally, let x have any value whatever, less than A, 
then 

an equation showing two values of y, numerically equal, 
indicating that the curve is sjTumetrical in respect to the 
axis of X 

If we give to y any value less than B, the general equa- 
tion gives 

Showing that the curve is symmetrical in respect to the 
axis of Y. 

Scholium, — The ordinate which passes through one of the foei, 
corresponds to x-=e. But A^ — B'^c'. Hence A' — c' or 
A' — x'=B'. Or (^A'~x'y=S, and this value Bubstituted in 

the last equation, g^vesy^i — . Whence -^ is the meaaure of 

A A 

the parameter of any ellipse. 



PROPOSITION II. 

M>ery diameter of the ellipse is bisected in the center. 

Through the center draw the line Z>D'. Let x, and y, 
denote the co-ordinates of the point D, and x', y', the 
co-ordinates of the point D'. 
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The equation of the curve is 

The equation of a line pass! 
through the center, must be of the 
form y=ax. 

This equation combined with the 
equation of the curve, gives 

^_ AB aAB 




^a^A^+E" 
AB 



^a^A^+IP 
_ aAB 



^a^A^+B" ^o^A^+E' 

These equations show that the co-ordinates of the point 
D, are the same as those of the point D', except opposite 
in signs. Hence BB' is bisected at the center. 



PROPOSITION III. 

The squares of (he ordinates to either axis of an elUpst are 
to one another as the rectangles of their corresponding a 

Let y be any ordinate, and x 
its corresponding abscissa. 
Then, by the first proposition, 
vre shall have 




Let y' be any other ordinate, 
and x' its corresponding abscis- 
6a, and by the same proposition we must have 

r-^,ciA-x-)x'. 

Dividing one of these equations by the other, omitting 
common factors in the numerator and denominator of the 
second member of the new equation, we shall have 
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y^ _ (2-4 — x)x 

Hence, y* : y'^={2A-~x)x : (2A~x')x'. (1) 

By simply inspecting the figure, we cannot fail to per- 
ceive that {2A — x), and x, are the abscissas corresponding 
to the ordinate y, and (2^ — x') and z! are those eorrea- 
ponding to y'. 

If we transfer the origin to the lower extremity of the 
conjugate axis, the equation of the ellipse may be put 
under the form - J^m r, -, 

and by a process in all respects similar to the above, we 
prove that ^ ,,,.,, (2B_^)j, , ,2B_j,,),, 
Therefore, the squares of the ordinaies, etc. 
Scholium. — Suppose one of these ordinatcs, as y' to represent 
half the wmww axis, that is, y'=B. Then the corresponding value 
of «' will be A and (2-i — a:*,) will be A, also. Whence proportion 
(l) will become 

," : W=(lA-£). : A: 
In respect to the third term we perceive that if A'Sia represented 
by X, A3 will be (2A^x'), and if ff is a point in the circle, whose 
diameter is A' A, and C-ffthe ordinate, then 

(2A—x)x='GB', 
and the proportion becomes 

y' : £'='GH' : A'. 
Or 2, : GH=B : A. 

Or A:B=zGH: y=Dn. 

If a circumference be described on the conju^ite axis as a diam- 
eter, and an ordinate of the circle to this diameter be denoted by 
X and the corresponding ordinate of the ellipse by x, it may be 
Bhono in like manner that 

A : B::x : X. 
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FBOPOSITION IV. 

The area of an ellipse is a mean proportional between, the 
areas of two circles, the diameter of the one being the major 
axis, and of the other the minor axis. 

On the m^or axis A' A of the 
ellipse aa a diameter describe a 
circle, and in the semicircle A^D 
A iikscribe a polygon of any num- 
ber of sides. From the verti- 
ces of the angles of this polygon 
draw ordinates to the major axis, 
and join the points in which they 
intersect the ellipse by straight lines, thus constructing a 
polygon of the same number of aides in the semi-ellipse 
A'jyA. Take .the origin of co-ordinates at A', and de- 
note the ordinatea BE, CF, etc., of the circle by Y, Y', 
etc., the ordinatea S'S, CF, etc., of the ellipse by y, y', 
etc., and the corresponding abscissas, which are common 
to ellipse and circle, by x, x', etc. 

Then by the scholium to Prop. 3, we bave 
Y:y::A:B 
and T -.y' ■.-.A: B, 

whence Y : Y' : : y : y', 

from which, by composition, we get 

Y+Y':y-i-y' : Y : y: : A : B 

But the area of the trapezoid BEFCis measured by 

{I^y.'-.) or (r+Y'){^l 
and that of the trapezoid B'FFO by 

(?+*')(,,_,) „ Cy+rt(?:=f) 

therefore, 

trapcz. BSFO Y+Y> A 



trape2.a'.EP(?~ j+y' -B 
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That is, trapez. BEFC : trapez. B'EFO lA-.B; 
or, in words, any trapezoid of the semi-circle is to the corres- 
pondiii^ trapezoid of the semi-ellipse as A is to B. 

From this we conclude that the eum of the trapezoids 
in the semi-circle is to the sum of the trapezoids in the 
semi-ellipse as A is to B. But by making these trape- 
zoids indefinitely small, and their number, therefore, in- 
definitely great, the first sum will become the area of the 
semi-circle and the second, the area of the semi-ellipse. 

Hence, 

Area semi-circle : area semi-ellipse : tA: B 

or, area circle : area eUipse : : A : B 

That is, jtjI* : area ellipse : : A : B 

Wlience, 



But JzA.B is a mean proportional between izA* and 

Hence ,• The area of an ellipse is a mean proportional, etc. 
SCHOtinM, — Hence the common rule in mensnratbn to find the 



HtjIjS. — Multiply the iemi-raajor and semi-minor axes together, 
and muiliply that prod-act by 3,1416. 

PEOPOSITION V. 

To find the product of ike tangents of ike angles that two 
supplementary chords through the vertices of the transverse axis 
of an ellipse make with that axis, on the same side. 

Let z, y, be the co-ordinates of 
any point, as P, and x', y', the co- 
ordinates of the point A'. 

Then the equation of a line ^ 
which passes through the two 
points A' and P, {Prop. S, Chap. 
1,) will be 
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y—y''='a{x—x'). (i) 

The equation of the line which passes through the 
poiDte A and P, will be of the form 

y-f-a'lx-T?). (2) 

Tot the given point A', we have i/'-»0, and z'= — A. 
"Wlience ec[. (1) becomes 

y=a{x+A). (3) 

Tor the given points we havey=0, and 2:"= j1, which 
values Bubatitated in eq. (2) give 

y=a'{x~A). (4) 

As y and x are the co-ordinates of the same point P in 
both lines, we may combine eqs. (3) and (4) in any man- 
ner we please. Multiplying them member by member, 
we have 

f=aa'{3?~A'). (5) 

Because P is a point in the ellipse, the equation of the 
curve gives 

j/>=^(^'_a^): ^^{x»—A'). (6) 

Comparing eqs. (5) and (6), we find 

aa'= — _— 
A'' 
for the equation sought. 

ScHOLl0H 1. — In case the ellipse become a circle, that is, in case 
A=B, aa'-i~l=0, showing that the aDgle A'PA would then be a 
right angle, as it ought to be, by (Prop. 11, Chap, II.) 

Because — is less than wtity, or aa' less thiui 1,'*^ or radiut ; 

the tw« angles PA' A and PAA' are together less than 90° ; there- 
fore, the angle at P ia obtuse, or greater than 90°. 

Scholium 2. — Since aa' has a constant value, the snm of the two, 
a-l-a', will be least when «=«'. 

* In trigonometry we learn that tan. x cot x^S?—l. That is, the pro- 
duct of two tangents, the sum of whose arcs is 90°, is equal to L When 
the sum is leas than 90", the product will be a fraction. 
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Hence the angle at P will be greatest when /" is at the vertex 
of the minor axis, and the supplementary chords equal ; and the 
angle at F will become nearer a right angle as P approach^ A or 



PKOPOSITION Tl. 

To find the equation of a straight line which shaU be tangent 
to an ellipse. 

Assume any two points, as 
P" and Q, on the ellipse, and 
denote the co-ordiuates of the / 
first by x', y', and of the second \ 
by 3^', y. Through these points 
draw a line, the equation of 
which (Prop. 4, Chap. 1,) is 

y^y'=a[x—X'), (1) 

in which g"^ ^- 

x'—xf 

'We must now determine the value of a when this line 
becomes a tangent line to the ellipse. 

Because the points F and Q are in the curve, the co- 
ordinates of those points must satisfy th« following equB- 
tiond: 

By subtraction A''ij/'^—y"^)+B^{x"'~x!'')=0. 
Or A''(y'+y")(y'-f) B-^{x'+:</%x'-x!^. (2) 

■Whence a=y^.=-^^(^+^. 

x'~x" A^{p'+f) 

l^ow conceive the line to revolve on the point F umti] 
Q coincides with P, then PS will be tangent to the carve. 
But when Q coincides with P, we shall have 
y'=y" and x'—x". 
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Under this 


supposition, we have 




The value of a put in eg. (l), gives 






^-^'=-57<^"^'- 




Reducing 


A'iiy'+^'^'''--^'S" 


+B'xi>- 


Or 


A'3s'+S'xx'~A'B'. 






This ia the equation sought, x and y being the general 
co-ordinates of the line. 

SoHOLinu 1. — To find where the tangent meets the axis of X, 



This ^ves *=£_= CT. 

In case the ellipse becomes a circle, 
£=A, and then the equation will l 
come yy'-\-a;x'=sA'y 

the equation for a tangent line to a cir- 
cle; and to find where this tangent meets the axis of 'X, we maka 
y=0, and 

x=^=CT, as before. 

In short, afl these results are both independent of B, the minor 
axis, it follows that the circle and all ellipses on the major axis AB 
have tangents terminating at the same point T on the axis of X, 
if drawn from the same ordinate, as shown in the figure. 

Scholium 2. — To find the point in which the tangent to an 
ellipse meela the axis of T, we make x=Q, then the equation for 
the tangent becomes 



As this equation is independent of A, it shows tbat all ellipses 
having the same minor axis, have tangents terminating in the same 
point on the axis of Y, if drawn from the same abscissa. 

Scholium 3. If from (77'we subtract OS, we shall have RT, 
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a oommoD tuhtangeat lo a circle, and all ellipses which lia,ve 2 J. for 
a major diameter. That is 

We can also find RT by the triangle PRT, as we tave tte tan- 
gent of the angle at T, f—^"^' \ to the radius 1. 
\ A";/'/ 
Whence we have the following proportion : 

The minm wgn indicates that the meaanre from F is towards the 
left. 

FKOPOSITION VII. 

To Jmd the equation of a normal line to the ellipse. 
Since the normal passes through the point of tangeney, 
its equation will be in the form 

y~y'=a'{x—x'). (1) 

Because PN is at right angles 
to the tangent, 

m'+l=0. 
But by the last proposition 

a— ^. 

Ay 

Whence a'=-^-, and this value of «' put in eq. (1) gives 




H Rl 



y-^'-^S^-^\ 



for the equation sought, 

SCHOIIUH 1. — To find where the normal cnfs the a 
must make y=:0, then we shall have 
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=CJV. 



Application. — Meridians on the eartli are eUipaea; tlie semi- 
major axis through the equator is -i=:396S, miles, and the semi- 
minor asiB from the center to the pole is 5=3949.5. 

A plumb line is everywhere at right anglea to the surface, and 
of course its prolongation would be a normal line like FN, In 
latitude 42°, lehat is the deviation of a plumb line frimi the center 
of the earth f In other words, how far from the center of the 
earth would a plumb line meet the plane of the equator J Or, what 
would be the value of CUf 

As this ellipse differs but little from a circle, we may take CR 
for the cosine of 42", which must be represented by x'. This being 
assumed, we have 



=2945. 



(^)^ 



2945.= 



0,+milea=CW. Ans. 



Scholium 2, — To find NR, the iuhnormcd, we simply subtract 
OJVfrom OJE, whence 



We can also find the subnormal from the similar triangles /'AT', 
PNS, thus : 

TR: RP::BP:JiN. 
—^lIH : y'r.y : —J^R. Whence Jm=E^ 



PBOFOSITION Tin. 



lAnes drawn from the foci to any point in the ellipse make 
equal angles with the tan^aii line drawn through the same point. 

Let C be the center of 
the ellipse, PTthe tangent 
line, and PF, PF', the ^ 
two lines drawn to the foci 

Denote the distance 
CF=s/A^—B^ by c, CF' 




ioovGoot^Ie 



T U K E L L 1 1' S fi . 153 

by — c, the angle FPThy V, and the tangents of the angles 
PT^, PFT, by a and a'. 

Now FPT=PTX—PFT. 

By trigonometry, (Eq. 29, p. 253, Robinson's Q-eometry), 
we have 

Tan. FPT=Un. {PTX~PFT). 



Prop. 6, gives ua a=-:^ x', y', being tJie co-ordi- 

aates of the point P. 

Let X, y, be the co-ordinates of the point F^ then &om 
Prop. 4, Chap. 1, we have 

But at the point F, j/=0 and z=e, 
"Wlienee "'= V 

These values of a and a' substituted in eq. (1) give 
—B^x' _ y' 

^^ A^y ' x'—c —B^x'^-\-B''cz'—A'»y'* 

JLan. K— " ~ T.-N — ', ^ 7";; — ;■;■■■; c r^ — j i ' • 

Ji'i' J.3!/'(i' — c) — B^x'y' 



Tan. r=r 






{A'*-~B^)7fy' — A'^ey' cy'{cx' — A^) cy' 
observing that A^y' ^ + B'^x'" =A^B^, and A" — B^=c'. 
The equation of the line PF will become the equation of 
the line PF* by simply changing +c to — c, for then we 
shall have the co-ordinates of the other focus. 
"We now have 

tan. FPT^^ 
W 
But if c ia made — c, then 

tan. J*''PT=—^ 
ey' 
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As these two tangents are numerically the same, differ- 
ing only in signs, the lines are equally inclined to the 
Btraight lines from which the angles are measured, or the 
angles are supplements of each other. 

Whence FPT+F'FT=180. 

But F'PjH+F'PT=^180. 

Therefore FPT=^F'PH. 

Cor. The normal being perpendicular to the tangent, 
it must bisect the angle made by the two lines drawn 
from the tangent point to the foei. 

Scholium. — Any point in the carve may be considered as a 
point in a tangent to the curre at that point. 

It is found by esperiment that light, heat and sound, after they 
approach to, are reflected off, from any reflecting entface at equal 
angles ; that is, for any ray, the angle of reflection is equal to the 
angle of incidence. 

Therefore, if a light be placed at one focus of an ellipsoidal re- 
flecting surface, such aa we may conceive to be generated by revolv- 
ing an ellipse about its major axis, the reflected rays urill be con- 
centrated at the other focus. If the sides of a room be ellipsoidal, 
and a stove is placed at one focus, the heat irill be concentrated at 
the other. 

Whispering galleries are made on this principle, and all theaters 
and large assembly rooms should more or less approximate to this 
figure. The concentration of the rays of heat from one of these 
points to the other, is the reason why they are called the foci, or 
burning points. 

PEOFOSITIOK IX. 

The prodticf of the tar^ents of the angles that a tangent line- 
to the ellipse and a diameter through Ike point of ctmtad, make 
with the major axis on the same side, is equal to minus the 
square of the semi-minor divided by the square of the semi- 
major axia. 
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Let PT be the tangent 
line and PI" the diameter 
through the point of contact 
P, and denote the co-ordi- 
nates of P by x', y'. The 
equation of the diameter is 



in which a' ia the tangent of the angle PGT. 

Since this line passes through the point P, ■^ 
hare 



Whence a'=^ Q) 

x' 

For the tangent of the angle PrXwe have 

a=-^^ (2) 

Multiplying eqa. (1) and (2), member by member, we 
find 



Scholium. — Tte product of tlie tangents of the angles that a 
diameter and a tangent line througt itsTertes makewitli the major 
axis of an ellipse is the same (Prop. 5) as that of the tangents of 
the angles that aapplementarj chords drawn through the vertices of 
the major axis make with it. 

Hence, if a=a, then a'=a'. That is, if the diameter is paral- 
lei to one of the chords, the tangent line will be parallel to the other 
chord, and conversely. This snggesfs an easy rule for drawing a 
tangent line to an ellipse at a given point, or parallel to a given line. 

OF THE ELLIPSE REFEEEED TO CONJtJGATE DIAMETEES. 

Two diameters of an ellipse are conjugate when either 
is parallel to the tangent lines drawn through the vertices 
of the other. 
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Since a diameter and tlie tangent line througli its ver- 
tex make, with the major axis, angles whose tangents 
satisfy the equation 

A^ 
it follows that the tangents of the angles which any two 
conjugate diameters make with the major axis must also 
satisfy the same equation. 

Now let m he the angle whose tangent is a, and n he 
the angle whose tangent is a', then 

«-!!Bl^, and a--'2^1±. 

COB. m COS. n 

Substituting these values in the last equation, and re- 
ducing, we obtain 

A^ sin. m sin. n+S' cos. m cos. Ji=0, 
which expresses the relation which must exist between A, 
B, m, and Ji, to fix the position of any two conjugate di- 
ameters in respect to the major axis, and this equation ia 
called the equation of condition for conjugate diameters. 

In this equation of condition, m and n are undeter- 
mined, showing that an infinite number of conjugate di- 
ameters might be drawn, but whenever any value is as- 
signed to one of these angles, that value must be put ia 
the equation, and then a deduction made for the value of 
the other angle. 



PBOPOSITION X. 

To find the equation of the ellipse referred to its center and 
conjugate diameters. 

The equation of the ellipse referred to its major and 
minor axes, is 

The formulas for chan^ng rectangular eCM>rdlnfttefl 
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into oblique, the origiu being the same, are {Prop. 9, 
Chap. 1,) 

x=z'cos. m+y COS. n. y=z' a\n.in+y' ein.n. 

Squaring these, and substituting the values of 3;^ and 
^ in the equation of the ellipse above, we have 



^A^^ 




\ +2{AhiQ.m 8in.ji+5^coB.m coa.ji)^^' f 

But if we now assume the condition that the newaxea 
shall be conjugate diameters, then 

J.'siii. m sin. n+jB'cos. mcos. w=0, 
which reduces the preceding equation to (V') 

( J.*Bin.* n+£'cos.=' n)3/'H ( A'sia.' m+5*cos.*m)a;'*= A*^, 
which is the equation required. But it can be simplified 
as follows : 

The equation refers to the two di- 
ameters £"B' and D"D' as co-ordi- 
nate axes. For the point -B' we 
must make 3/'=0, then 
^,_ A'B' 

A^&m^}n+^ttoa.^m 

[CBy=A'\ (P) 

Designating CB' by A', and CD' by B'. 
For the point D' we must make x'=0. Then 

Trom (P) we have (J.'Bin.'m+a'ooB.'m)-:^^. 

From (Q) {vl%in.*?i+^co8.^)=-^^- 

These values put in (F) give 

B" ' A" 
Whence ^'y*+-B'V==vl'*5''. 

14 
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"We may omit the accents to x' and y', as they are gen- 
eral variables, and then we have 

for the equation of the ellipse referred to its center and 
conjugate diameters. 

SCHOLIOM. — In this equation, if we assign any value to x less 
than A', there will result two values of y, rtwrnericaU}/ equal, and 
to every aasumed value of y less than ff, there will result two 
corresponding values of x, numerically equal, differing only in signs, 
showing that the curve is symmetrical in respect to its conjugate 
diameters, and that each diameter huects all chords which are parol- 
hi to the other. 

Observation.^ As this equation is of the same form as that of 
the general equation referred to rectangular co-ordinates on the 
Toajor and minor asis, we may infer at once that we can find equa- 
tions for ordinat«s, tangent lines, etc., referred to conjugate diame- 
ters, which will he in the same form as those alreidy found, which 
refer to the axes. But aS a general thing, it will not do to draw 
summary conclusions. 

PROPOSITION XI. 

As the square of any diameter of the ellipse is to the sgnart 
of Us conjugate, so is the rectangle of any two segments of tht 
diameter to the square of the corresponding ordiTiate. 

Let CD be represented by A', and 
CE by B', CH by x, and GH by y 
then by the last proposition we have j 

'Which may be put under the form jy< 

A'y=B'\A'^—3?). 
"Whence A'^ : B" : : {A'^~o^) : f. 

Or {%A')' : {2B'y : : {A'+x){A'—x) : y*. 

Now 2A' &nd 2B' represent the conjugate diameters 
ryX), E'E, and since CH represents x, A'+x=D'M, and 
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A' — x=B.D. Also y=GM. Hence the above propor- 
tions correspond to 

[D'D)' : {E'Ef : : D'ffxHD : (GMf. 
Scholium. — As a; is no particular distance from C, CF may 
represent x, then LF will represent y, and the proportion then be- 
comes 

(iXZ))' : (E'Ey :: D'Fy.FD : (LF)". 
Comparing the two proportions, we perceive that 
B'H-HD ; B'FFD ;: gF' : LF^. 
That is, The rectangle of the abscissas are to one another at ih« 
scares of ike corresponding ordinates. 

The same property as waa demonstrated in respect to rectangular 
co-ordinates in Prop. 3. 

In the same 'manner we may prove that 

Eh-hE' : Ff/E' :: (Agf : (/ef 

PEOPOSITION XH. 

7b Jtnd the equation of a tangent line to an ellipse referred 
to its conjugate diameters. 

Conceive a line to cut the curve in two points, whose 
co-ordinates are x', y', and xf', y", x and y being the co- 
ordinates of any point on the line. 

The equation of a line pasaing through two points is 
of the form 

y—y'=a{x~x'), (1) 

an equation in which a is to be determined when the line 
touches the curve. 

From the equation of the ellipse referred to its conju- 
gate axes we have 

A'Y^+S"x'^=A"£"'. 

Subtracting one of these equations from the other, and 
operating as in Prop. 6, we shall find 
a— 55;. 
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This value of a put in eq. (1) -vrill give 

deducing, and A'^}/'y+B'^x'x=A'^B'^, 
wHcli is the equation sought, and it is in the same form 
as that in Prop. 6, agreeably to the observation made at 
the close of Prop. 10, 



PEOPOSITION XIII. 

To ira-nsform the equation of the ellipse in reference to con- 
jugate diameters to its equation in reference to the axes. 

The equation of the ellipse in reference to ita conju- 
gate diameter is 

A'Y^+B'^x'^=A'^B'^. (1) 

And the formulas for parsing from oblique to rectangu- 
lar axes are (Prop. 10, Chap. 1,) 

,_a; sin. n — y coa. n ./^.^/cs. m — x ein. m 

8in.()i— m) ' sin.(7!— m) 

These values of x' and y' substituted in eq. (1) give 

(J.'*eos.*m-fli'^cos.^?i)^^-|-(^"8in,^jn+^'*ein.'n)a^ 1 __ 

— 2{A'^8in. mcoa.m+-B'^8in.)icos.n)a;y ) 

A'^B'Hiii.\n—m). 

This equation must be true for any point in the curve, 
X being measured on the major axis, and y the corres- 
ponding ordinate at right angles. 

This being the case, such values of A', B', m, and n, 
must be taken as will reduce the preceding equation to 
the well known form 

Therefore we must assume 

A"^ C08.3 m+B'^ COS.* 7i=A'. (i) 

A'^ 8111.= m+S'2 sin.2 n^B^. (2j 

ji'^Bin.meos.»i+S'2sin.?ico9.n=0. (?) 
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The values of m and rt must be taken e 
to the following equation, because the a 



as to respond 
es are in fact 



A''ain.mBin.n+B''co8.mcos.n=0. (5) 
These equations unfold two very interesting properties. 
ScHOLlDM 1. — By adding eqs. (1) and (2) we find 

Or iA'^+i:B''=iA'+4B'. 

That &, t!U turn of the squarfs of any two conjugate diafnetert u 
tgual to the sum of the squares of the axes. 

Scholium 2. — Equation eq. (3) or (5) will give tm m when n is 
given ; or ^ve us n when m, is given. 

Scholium 3. — The eqiiare root of eq. (4) gives 
A'£' mi.{n—'nC)=AB, 
Which shows the equality of two aur/aees, one of which is obviously 
the rectangle of the two axes. 

Let us ezamine the other. 

Let n represent the aogle iVGS, 
and TO the angle PCB. Then the 
angle NOP will be represented 
by (n-m). 

Since the angle MNK ia the 
supplement of NOP, the two an- 
gles have the same sine and 
JVM=A'. 

In the right-angled triangle NKM, we have 
\: A' :: sin.(9i— m) : MK. 
MK=A'uD.(n~m). 

But n'c=b: 

Whence 

MK-KO=A'B'&m.(n--ni)=tlio parallelogram WCFM. 
Four times this parallelogram ii the parallelogram ML, and four 
times the parallelogram DCBU, which is measured by Ay^B, is 
equal to the parallelogram SF". Hence eq. (4) reveals this general 

The rectangle which is formed bt/ draining tangent line* through 

14* L 
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the vertices of the axes of an ellipse' i$ eguivalmt to any parallelo- 
gram, which can he formed hy draining tangents tkrongh the vertices 
of conjugate diameteri. 

Note.— The student had better test hia knowledge in respect to the 
trutUa embraced in scholiums 1 and 3, by an example : 

Suppose the lemi-major arU of an ellipse is 10, and the eemi-mincr 
axis 6, and the inclination of one of the conjugate diameters to the axis 
of Xii taken at 30" and designated Sji m. 

We are reqaircd to find A'^ and B'^, which together should equal 
A'i+B^, or 136, and the area IfOFM, which should equal AB, or 60, 
if the foregoing theory is true. 

Equation (5) will give us the value of n as follows : 
100-itaB.n+36-V3=0. 

Or tan.»= — —-. 

100 
Log. 8B+i log. 8 — log- 100 plus 10 added to the indei to corres- 
pond with (he tables, gives 9.794863 for the log. tangent of the angle n, 
which gives 31° 66' 42", and the sign being negative, shows that 81° 
56' 42" must be taken below the axis of X, or we must take the sup- 
plement of it, NCB, for n, whence 

n=148'' 3' 18", and (n— m)=118° 3' 18". 
To find A'^ and B'^, we lake the formulas from Prop. 10. 

■B^ 100-36 3600 „„„„ 



A 



.*30+5»cos.^30 lOO-i+36-i 52 



*sin.^31''56'42"+B^cOT.2(31<'56'42'') 27" 99-f 25 ■ 92 
66-77. And their sum=136. 
This agrees with scholium 1, 

As radius 10.000000 

IB to J'i(Iog.69.23) 0.920147 

So is Bine (n— m) 61''56'42" 9.945713 
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1 the general 



PROPOSITION XIT. 

Tojind the general polar equation of an ellipse. 

If we designate the co-ordinates 

of the pole P, by a and 6, and es- 
timate the angles v from the line j 
P-T' parallel to the transverse axis, 
we shall have the following formu- 
las: 

x=a+r coa.r. y=b+r sin v 
These values of x and 3/ substituted i 
equation Ay+B'3^=A^B', 

will produce 

A^ sin.^ I r'+2A^b sm.v\r+A'b'+S'a^=A*£^, 
^eos.^ 1 +2^aco8.r| 
for the general polar equation of the ellipse. 

ScHOLrcTM 1. — When /• is at the center, a=0, and 6=0, and 
then the general polar equatioa reduces to 
A'B' 
A'um^v+B'ao6,'v 
a result corresponding to equations (P) and ( §) in Prop, 10, 

Scholium 2,— When P ia on the cnrre A'h'+E'a'=A*B*, 
therefore 

5'coa.'u| +2B'aeoa.v\'~ ' 

This equation will give two values of r, one of fvhichis 0, as it 

should be. The other value will correspond to a chord, according 

to the values assigned to a, h, and v. Dividing the lafit equation 

by the equation r=0, and we have 

X'sin.'(;[j-|-2^'iain.i.l_Q 
S'cos.'i'! +2£'acos.v\ ' 
The value of r in this equation is the valne of a chord. 
When the chord becomes 0, the value of r in the last equatioit 
becomes also, and then 

^'isin.i>+B'aco8.«=0. 
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Or tan.a^-:^ 

a result corresponding to Prop, 6, as it ought to do, because the 
radius vector then becomes tangent to the curve. 

Scholium 3. — When P is placed at the extremity of the major 
axis on the right, and if v=0, then sin. jj=0, and cos. v^^\ a=A, 
and fii^O ; these values substituted in the general equation will re- 
duce it to B'r'+2Jl^Ar=0, 
which gives r=0, and r= —2A, obviously true results. 

When P is placed at either focus, then a=:^A' — ,8'=c, and 
&x=0. Theae values substituted, and we shall have 

(A' 6in.'v-\-B'coa.'vy+2S'a cos.vr=£: 

It is difficult to deduce the values of r from this equation, 
therefore we adopt a more simple method. 

Let F be the focus, and FP any radi- 
us, and put the angle PFD=v. 

By Prop. 1, of the ellipse, We learn 
that 

FP=T=A+^-^, (^> 

an equation in which e^^A'—B', and x any variably distance 
CD. 
Take the triangle PDF, and by trigonometry we have 

1 : j-::coa.i> : c+x. 
Whence x=r cra.v— c. 

This value of x placed in (1), will give 
cr. eos.w— c* 




Whence (^— c cos.«)i-=.A'~e' 

Or r= -^'-'' . 

A—c cos-v 

This equation will correspond to all points in the curve by giving 
to cos,); all possible values from 1 to — 1. Hence, the greatest 
value of r is (,A-\-e), and the least value (.^^--c), obvious results 
when the polar point is at F, 
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The above equation may be simplified a little by introducing the 
eccentricity. The eccentricity of an ellipse ia the distance from the 
center to either focus, when the semi-major axis is taken as unity. 
Designate the eccentricity by e, then 

1 :e=A:c. 
Whence c=^eA. 

Substitnting thia value of c in the preceding equation, we have 
^_ A'—^A _ ^(1— e") 

This equation is much used in astronomy. 

PROPOSITION XV.— PBOBLEM. 

Given the relative values of three different radii, drawn from 
the focus of an ellipse, together with the angles between them, 
to find the relative major axis of the ellipse, the eccentiieity, 
and the position of the major axis, or its angle from one of the 
given radii. 

Let r, r', and r", represent the ^^ 
three given radii, m the angle be- 
tween r and r', and n that between i 
r and r". The angle between the 
radius r and the major axis is sup- 
posed to be unknown, and we therefore, call it x. 

From the last proposition, we have 

X(l— e=) 

r=Y^ '- (1) 

1 — e COS. X 

1 — e COS. (x+m) 

•^-l-e COS. (i+n) <" 
Equating the value of A{1 — ^) obtained from eqs. (1) 
and (2), and we have 

r — recoB.x=r' — r'e cos. (a;-|-m) 
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Or, e= ; 7-^ir-\ (*J 

' r COS. X — r cob. (x+m). 

In like manner from eqs. (1) and (3), we liave 

r — re cos. 3:=r" — r"e eos. (x+n). 

■ r—t" 

Or, e= -jr i-ir. (6) 

' r eos. X — r cos. (x-Yn) 

Equating the second members of eqs. (4) and (5), we 
have 

r—r' r —i" 

r COS.! — r' co8.(a:+m)~r coa.x — r" cos.(a:+Ji) 
Whence, ^— ^' ^ r coa. a:— r' coa. (ar+m ) 
r—t" r cos, a^ — r" cos.(j:+w) 
r cos, 2 — r' coa. a: cos. m+r' ein. a: sin. m 



r COS. X — r" eos. x cos. n+r" sin. x sin. n 
r — ¥ eos. m+r' sin, m tan, x 
~r — r" coa. 7i+r" sin. h tan. x 
For the sake of brevity, put r — r'=d, 

r — y''=d!, the known quantity r — r' cob. m=«, 

and r — r"cOB.?i=6. Then the preceding equation becomes 

d a+Zsin.m tan.a; 

d' 6+r"8in.n tan.a;' 

From which we get successively 

db+di^ sin. n tan. x=ad'-\-A'y' sin. m tan. x 

[dr"' sin, n — dlr' sin. m) tan. x=ad' — dt, 

ad—db 

tan. a;= j-iT^ jt-t^ ■' 

dr sin.ji — a r sm.m 

The value of x from this equation determines the posi- 
tion of the major axis with respect to that of r, which is 
supposed to be known, as it may be by obaervation. 

Having x, eq. (4) or (5) will give e the eccentricity. If 
the values of c found from these equations do not agree, 
the discrepancy is due to errors of observation, and in 
such eases the mean result is taken for the eccentricity. 
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Equations (1), (2) and (S) contain A, the semi-major 
axis, as a common factor in their second members. This 
factor, therefore, does not affect the relative values of r, 
r' and r", and as it disappears in the subsequent part of 
the investigation, it shows that the angle x and the eccen- 
tricity are entirely independent of the magnitude of the 
ellipse. To apply the preceding formulas, we propose 
the following 

EXAMPLE. 

On the first day of August, 1846, an astronomer observed 
the sun's longitude to be 128° 47' 81", and by comparing this 
observation with observations made on the previou3 at^d subse- 
quent days, he found its moUon in lov^tude was then at the 
rate of 57' 24".9 per day. By like observations made on the 
first of September, he determined the sun's longitude to be 158" 
37' 46", and its mean daily motion for that time 58' 6" 6 ; and 
at a third time, on the 10th of October, the observed longitude 
was 196° 48' 4", and mean daily motion 59' 22". 9. ^om 
these data are required the longitude of the solar apogee, and the 
eccentricity of the apparent solar orUi. 

It is demonstrated in astronomy that .the relative dis- 
tances to the sun, when the earth is in different parts of 
its orbit, must be to each other inversely as the square root 
of the sun's apparent angular motion at the several points ; 
therefore, (r)S {r'Y, and {ff, must be in the proportion of 

57' 24" 9 68' 6" 6 59' 22" 9 

Or as the numbers 

.^_, ^_, and _2_. 
3444.9 3486.6 3562.9 

Multiply by 3562.9 and the proportion will not be 
changed, and we may put 

/3562.9U ^_f3562^U „„a,._i. 
\3444.9/ ' \3486.6/ ' 
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By the aid of logarithms we soon find 

r=1.016982 7^=1.010857 and 1^=1. 

Hence r—r'=rf= 0.006125, r— r"=(^'=.o.O: 
158° 37' 46" 196° 48' 4" 

128 47 31 128 47 31 



m= 29 50 15 n= 68 33 
To substitute in oar formulas, we must have the natur- 
ral sine and cosine of m and n. 

sin. ?»=sin. 29° 50'15"=0.497542, cos.= 0.867440. 
sin. n=sin. 68° 0' 33"=0.927238, cos. =0.374472. 
r—r' COS. m=a= 0.140124. 
r—r" COS. 7i=i=0.642510. 
«d'= 0.0023695, (?6= 0.00393537. 
dY Bin. m=0.008538616. 
rfr" sin. w=0.005679332. 
Theae values substituted in the formula 

i' — db _ db — ad' 



tan.3;=_ 



dr"ein.?i — dVsin.m d'T'Bm,m — di^emjn^ 
.00156586 15.6586 



tan.a;=l- 



.00285928 28.5928 
Log. 15.6586 plus 10 to the index= 11.194746 
Log. 28.5928 1.4 

Log. tan. 28" 42' 45" 
Long, of r 128° 47' 31" 

Long, apogee 100° 4' 46" 

According to observation, the longitude of the solar 
apogee on the let of January, 1800, was 99° 30' 8"39, 
and it increases at the rate of 61"9 per annum. This 
would give, for the longitude of the apogee on the let of 
January, 1861, 100° 33' 03"54. 

To find c, the eccentricity, we employ eq, (5), which is 



ioovGoot^Ie 



THE PARABOLA. 169 

r — r" 
r cos.;c — r" cos.(x+n)' 
WLenee, by eubetitutlng the values of r, r", eos-x, etc, 
we find 

0.016982 



rcoB. 28°42'45"— eo8. 96°4318" .891891+.11694 
_.016982_f, nififiOQ 




CHAPTER IV. 

THE PARABOLA. 

To describe a parabola. 

Let CD be the directrix, and i^'the bU 
focua. Take a square, as DBG, and 
to one aide of it, GS, attach a thread, 
and let the thread he of the same ^|v 
len(/(k as the side GB of the square. 
Fasten one end of the thread at the point G, the other 
end at F. 

Put the other side of the square against CD, and with 
a pencil, F, in the thread, hring the thread up to the side 
of the square. Slide one end of the square along the 
line CD, and at the same time keep the thread close 
against the other side, permitting the thread to slide 
round the pencil P. As the side of the square, BD, is 
moved along the line CD, the pendl will describe the 
curve represented as passing through the points F and P. 
QP+PF= the thread. 
G^P+PB= the thread. 

By subtraction Pi^—PB=0, or PF=PB. 

This result is true at any and every position of the 
point P ; that is, it is true for every point on the curve. 

Hence, FV= VH. 

16 
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If the square be turned over and moved in the oppo- 
site direetion, the other part of the parabola, on the other 
side of the line FH may be described. 



PEOFOSITION I. 



To find the equation of the parabola. 
Take the axis of the parabola for 
the axis of abscxesaa and the line at 
right angles to it through the vertex 
for the axis of ordinates. 

The perpendicular distance from the 
focus F to the directrix BH, is called 
p, a constant quantity, and when this constant is large, 
we have a parabola on a large scale, and when small, we 
have a parabola on a small scale. 

By the definition of the curve, V is midway between F 
and the line BH, and PF=PB. 

Put VD=x and FD=y, and operate on the right an- 
gled triangle PDF. 

FI)=x—lp, PB=x+^p=PF. 
{FJJf-^{PJjf=[PF)\ 
That is, [x-ipy+fH^+W- 

"Whence y^=2px, the equation sought. 
Cor. 1. If we make a:=0, wehave 2'=0at the same time, 
showing that the curve passes through the point V, cor- 
responding to the definition of the curve. 

As y=±'<^2px, it follows that for every value of a; 
there are two values of y, numericalh/ equal, one -|-, the 
other — , which shows that the curve is symmetrical in 
respect to the axis of X. 

Cor. 2. If we convert the equation y^=2px into a pro- 
portion, we shall have 

x:y::y:2p. 
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a proportion showing that ike parameter of the axis is a 
third proportional io any abscissa and its corresponding ordi- 
nate. 

Cor. 3. If we substitute ^p for x in the equation y^^^px 
we get 

y=p or 2y=2p. 

That is the ■parameter of the axis of the parabola is equal 
to the double ordinate through the focus, or, it is equal to four 
times the distance from the vertex to the directrix. 

PEOPOSITION II. 

The squares of ordinates to the axis of the parabola are to 
one another as their eorres 



Let X, y, be the co-ordinates of any point P, and x 
the co-ordinates of any other point in the curve. 
Then by the equation of the curve we must have 
y''=2px. (1) 

y"'=2px\ (3) 

Bv division ■^= — r 

"Whence ^* : y" : ; a: : a^. 

PEOPOSITION III. 

To find the equation of a tangent line to the parabola. 

Draw the line SFQ intersecting 
the parabola in the two points P and 
Q. Denote the co-ordinates of the 
first point by x', y, and of the sec- 
ond, by 3/', y. 

The equation of the straight line T 
passing through these points is 

y—^=a{x—x') (1) 
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in which a is equal to ^, ^n 

It is now required to find the value of a when the 
point Q unites with P, or, when the secant line becomes 
a tangent line at the point P. 

Since P and Q are on the parahola we must have 

(2/-y')(y+y')=2^{^'-^) 

Therefore a=^r-^«= -tt— s 

Substituting this value of a in eq. (1) we have for the 
equation of the secant line. 



And 

"Whence 

Or 



Now if this line be turned about P until Q c 
with P we shall have ^=y' and the line becomes tangent 
to the curve at the point P. 

Under this supposition the value of a becomes'^ and 
equation (2) reduces to 

Or y y — 'if^=px — jfiif 

But y'=!2p3;'; substituting this value y" in the last 
equation, transposing and reducing, we have finally 

y!/=p{x+x') 
for the equation of the tangent line. 

Cor, To find the point in which 
the tangent meets the axis of X, 
we must make ^=0, this makes 
p{x+x')=0. 

Or x'= — X. 



(3) 
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That is, FD= VT, or the mb-iangent is bisected by the 
vertex. 

Hence, to draw a tangent line from any given point, as 
P, we draw the ordinate PD, then make TV= VB, and 
from the point T draw the line 2!?, and it will be tan- 
gent at P, aa required. 



PE0P08ITI0N IV. 



To find the equation of a normal line in ike f 
The equation of a straight line passing through the 
point P is 

y—y'=a{x—z'). (1) 

Let Xj, !/,, be the general co-ordinates of another line 
passing through the same point, and a' the tangent of 
the angle it makes with the axis of the parabola, its 
equation will then be 

y^—y'=a'{x^—x'). (2) 
But if these two lines are perpendicular to eafih other, 
we must have 

aa'=—l. (3) 

But since the first line is a tangent, 



This value substituted in eq, (3) ^ves 

v' 

And this value put in eq, (2) will give 



for the equation required. 
15* 
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Cor. 1. To find the point in 
which the normal meets the axis of 
^, we must make )/, =0. Then by 
a little reduction we shall have 



But VC^x,, and VD=x'. Therefore I>C='p, that is, 
The sub-normal is a constant quantity/, double the distance 
between ike vertex and f ocas. 

Cor. 2. Since TY=VJ), and VF=IDC, TF=FC. 
Therefore, if the point F be the center of a circle of 
which the radius is FC, the circumference of that circle 
will pass through the point P, because TPC is a right 
angle. Hence the triangle PFT\b isosceles. Therefore, 
If from the point of eoniaet of a tangent Une to the parabola 
a Une be drawn io the focus it will make an angle mth the tan- 
gent equal io that made by the. tangent with the axis. 

Cor. S. Now as F bisects TZ) and V"B is, parallel to 
Pi?, the point 5 hisects TP. Draw -FJ5, and that line 
bisects the base of an isosceles triangle, it ia therefore 
perpendicular to the base. Hence, we have this general 
truth : 

If from, the focus of a parabola a fcrpendicular he drawn to 
any tangent io the curve, it will meet the tangent on the axis of Y. 
Also, from the two similar right-angled triangles, FB V 
and ^Sr, we have 

TF : FB : : F£ : FY. 
"Whence '£F'=TF- FY. 

ButJY is constant, therefore (SSf vai 
equal PF. 

Scholium. — Conceive a line drawn par- 
allel to the axis of the parabola to meet 
the curve at P; that line will make an 
angle with the tangent ei^ual Io the angle 
FTP. But the angle FTP is equal to ^ 
the angle FPT; hence the L -tP.l— the 



^TF, 




ioovGoot^Ie 



THE PAEABOLA. 175 

L FPT. Now, since light is incident upon and reflected from sur- 
faces under equal angles, if we suppose LP to be a riiy of light in- 
cident at P, the reflected ray will pass through the focus Fy and 
this will be true for rays incident on every poiat in the eunc ; 
hence, if a reflecting mirror have a parabolic surface, all the raja of 
light that meet it parallel with the axis will be reflected to the focus ; 
and for this reason nmny attempts have been made to form perfect 
parabolic mirrors for reflecting telescopes. 

If a light be placed at the focus of such a mirror, it will reflect 
all its rays in one direction ; hence, in certain situations, parabolic 
mirrors have been made for lighthouses for the purpose of throwing 
all the light seaward. 

PBOFOSITION T. 

If two tangents he drawn to a parabola at the extremities 
of a.7iy chord passing through the focus, these tangents will be 
perpendicular to each other, and their point of intersection will 
be on the directrix. 

Let FI" be any chord throngh the focus 
of the parabola, and PT, P" T the tangents 
drawn through its extremitlea. Through 
T, their intersection, draw BB' perpendic- 
ular to the axie HF, and from the foeua let 
fall the perpendiculars Ft, Ft' upon the 
tangents producing them to intersect BS 
at B and B. Draw, aleo, the lines PB, P'JS, and tt'. 

First. — The ecjuation of the chord is 

y-«(x-|) w 

and of the parabola 

f=2px (2) 

Combining ec[S, (1) and (2) and ehminating x, we find 
that the ordinates of the extremities of the chord are the 
roots of the equation 

f-%=p^ 
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Whence 

Therefore the tangents of the angles that the tangent 
lines at the eixtremities of the chord make with the axis 
are 

. and ^= 



The product of these tangents ia 



Whence we conclude that the tangent lines are perpen- 
dicular to each other. 

Second. — ^Because the AtFt' is right-angled and FV ia 
a perpendicular let fall from the vertex of the right angle 
upon the hypothenuse, we have (Tk 25, E. 11, Geom.) 

Ft:Ft'^::Vt:Vt' 
and because W and SB' are parallel, (Cor. 8, Prop. 4), we 



also have 




lf:Ft'': 


■.Fff:FV' 




: SB : SB' 


But (Cor. 3, Prop. 4,) 




Xf-.FI'': 


xFP-.FP 


Therefore 




fF-.FP: 


-.-.SB: SB 



Hence the lines PB, VM' are parallel to the axis of 
the parabola, and (Cor. 2, Prop. 4,) the angles BFi and 
iBF are pqual. Therefore the right-angled triangles BPi 
and iPF are equal, and PB=I'F. In the same way we 
prove that P'B'=P'F. The line BB' ia therefore the 
directrix of the parabola. 

Cor. Conversely i If two iaTigents to the •parabola are per- 
r to each other, the chord joining the points of contact 
s through the focus. 
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For, if not, draw a chord from one of the points of 
contact through the focns, and at the extremity of this 
chord draw a third tangent. Then the second and third 
tangents being both perpendicular to the first, muet be 
parallel. 

But a tangent line to a parabola, at a point whose or- 
dinate is y', makes with the axis an angle having ^ for 

y' 

its tangent ; and as no two ordinates of the parabola are 

algebraically equal, it is impossible that the curve should 
have parallel tangent lines. 



PROPOSITION VI. 



TofiJid the equation of the parabola referred to a Utngent line 
and the diameter passing through the point of contact as the 
co-ordinate axes. 

Let Vbe the vertex and FIX the 
axis of the parabola. Through 
any point of the curve, as P, draw 
the tangent PY and the diameter 
PR, and take these lines for a sys- 
tem of obhque co-ordinate axes. 
From a point M, assumed at plea^ 
sure, on the parabola, draw MS, 
parallel to PFand MS perpendicular to VX ; also, draw 
PQ perpendicular to VX. 

Let our notation be VQ=c, PQ=b, VS'=x, MS'=y, 
PR=x', MB=y' and \_MRS=[_MP'&=m ; then the 
formulas for changing the reference of points from a sys- 
tem of rectangular to a system of oblique co-ordinate 
axes having a different origin, give, by making L_n=0, 
VS'=x=e-\-x'-\-y'QOs.m 
MS'=y=b+y'sm.m 
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These values of x and y substituted in the ecLuation of 
the parabola referred to Vas the origin which is 

y''=2px (1) 

will give 

b'+2by'siii.m+y'^Bm.''m=2pc+2px'+2py'coa.m (2) 

Because P is on the curve, b^=2pc, and because HM 

ia parallel to the tangent FY, we also have (Prop. 3,) 

ein.m p 

coa.m b 

Whence 26j/'sin.m=2pj/'cos.m 

By means of these relations we can reduce eq. (2) to 

y'^Bin.^m=2px' 

0^ !/--^ 

^^ sin.vn 

If we denote -^j^ by 2p' the equation of the curve 

referred to the origin F and the oblique axes P^, PY, 
becomes 

an. equation of the same form as that before found when 
the vert«x Fwaa the origin and the axes rectangular. 

Ckir. 1. Since the equation gives ^=1^^2/1' a:', that is 
for every value of x' two values of y'y numerically equal, 
it follows that every diameter of the parabola bisects all chords 
of the curve drawn parallel to a tangent through the vertex of 
the diameter. 

Cor. 2. The squares of the ordinates to any diameter of 
the parabola are to each other as their correspondiTig abscissas. 

Let X, y and z', y' be the co-ordinates of any two 
pointe in the curve, then 

y^rm^p'x 

y«s=2pV 

Whence ^=— 

y'* X' 
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y^ -v 



from that 



Or 

Cor. 3. Hy a process in no respect d 
followed in proposition 3 we aliall find 

yy'=p'{x+x') 
for the equation of a tangent line to the parabola when 
referred to any diameter and the tangent drawn through 
its vertex as tlie co-ordinates axes. 

If, in this equation, we make )/=0 we get 
x+x'=(i or x= — x'. 

That ia, the subiangeni on any diameter of the parabola is 
bisected at Ike vertex of that diameter. 

SonCLlvis.— Projectiles, if not disturbed 
6y the resistance of the atmosphere, wovM 
describe parabolas. 

Let Phe the point from which a projec- 
tile is thrown in any direction PIT. Undis- 
turbed by the atmosphere and by gravity, it 
would continue to move in that line, describ- / 
ing equal spaces in equal times. But grav- 
ity causes bodies to fall through a 
portional to the squares of the tin 

From P draw PL in. the direction of a plumb line, the direction 
in which bodies fall when acted upon by gravity alone, and draw 
from A, T, H, etc., points taken at pleasure on PE, lines parallel 
to PL. Malte AB equal to the distance through which a body 
starting from rest, would fall while the undisturbed projectile would 
move through the space PA, and lay off TV to correspond to the 
proportion 

PA' : Pf''::AB: TV (1) 

Also lay off HK to correspond to the proportion 

pT :PB'::AB:EK (2) 

In the same way we may construct other distances on lines drawn 
from points of P^ff parallel to PL. 

Now through the points B, V, K, etc., draw parallels to PH, 
intersecting PL in G, D, L, etc., and through the points B, V, 
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K, etc., trace a course. This curve will represent the path de- 
Bcribed by a projectile in vacuo, and will be a parabola. 

Because ABis parallel to PC, and PA parallel to .SC,the figure 
PABCia a paralleiogram, and so are each of the other figures, 
PTVB, PEEL, etc. 

Let PA=y, PT=y', PH=i/" etc. 

and PC=zx, PD=x', PL=x" etc. 

Then proportions (1) and (2) become ri 



But by corollary 2 of this proposition, the curve that ( 
the property expressed by these propositions is the parabola, aod we 
therefore conclude that the path described by a projectile in vacuo 
is that curve. 



PROPOSITION VII. 

The parameter of any diameter of (he parabola is four times 
the distance from the vertex of that diameter to the focus. 
"We are to prove that 2p'=4PJ*'. 
Let the angle ¥PB=m as 1 
Then by (Prop. 3,) 

sin. fn_p^ 
COS. m b 
The co-ordinates of the point P being 
e, b, aa in the last proposition, we have 

f^=2pc. ^> 

From eq. (1) 6^ain.^m=^°co8.%. 

=^(1 — si.n?m)=p^ — ^ain.*ni.. 

Or 8iii.'«--i_= £!__J_. 

p^+jj' zpe-\-p^ 2c+p 

But in the last proposition — ^ — =a^p'. "Whence 

sin. %i= J!. 
P 
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Therefore p'=2c+p. 

Or 2p'=4{c+t) 

But ( c+i\ =PF. (Prop. 1.) Hence 2p', the param- 
eter of the diameter PB, is four times the distance of the 
vertex of the diameter from ike focus. 

Scholium. — Tbroagh the focus F draw a. line parallel to the 
tangent FT. Designate FR by x, and SQ by j. Then, by 
(Prop. 6), 

But PF~FT, (Prop. 4, Cor. 2.) And PR=TF, because 
TFRP is a parallelogram. Whence P^=i>i^; and, since PR=x, 
and PF=c+t 



'Xherefore 
This value o 



4^=4 1 






r put in the equation of the curve {^ves 
!/=p', or 2y=2p'. 
That is, the quantity 2p', which has been called the parameter 
of the diameter PB, is equal to the double Ordinate passing through 
the focus. 



PROPOSITION VIII. 

If an ordinate he drawn to any diameter of the j 
tfie area included between the curve, ike ordinate and the cor- 
responding abscissa, is two-ikirds of the parallehgram con- 
structed upon these co-ordinates. 

Let V'P'PQ be a portion of a „ 

parabola included between the arc 
V^P'P, and the co-ordinates VQ, 
PQ of the extreme point P, re- 
ferred to the diameter WQ and the 
tangent through ita vertex. 
16 
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Take a point, J*, on the curve between P and V ; draw 
the chord PP' and the ordinates PQ, P'Q'. Through N, 
the middle point of PP', draw the diameter NS, and at 
P and i* draw tangents to the parabola intersecting each 
other at jiff and the diameter V§ produced at Tand V. 
The tangents at the points P and P' have » common sub- 
tangent on the diameter VS, because these points, when 
referred to thia diameter and the tangent at its vertex, 
have the same abscissa, ViV, (Cor, 3, Prop. 6). The point 
M is therefore common to the two tangents and the di- 
ameter VS produced. 

By this construction we have formed the trapezoid 
PQQ'P' within, and the triangle TMT without, the par- 
abola, and we will now compare the areas of these figures. 
From iV'draw NL parallel to PQ, and from Q draw QO 
perpendicular to P'Q', and let us denote the angle YV'Q 
that the tangent at V makes with the diameter V'Q bym. 

By the corollary just referred to we have 
Y'T=VQ3.nA V'T=V'Q'. 

Wlience T T= <^Q; and because N is the middle point 
of PP we also have 

2 
Therefore (Th. 34, B. I, Geom.,) the area of the trap- 
ezoid PQQ Pis measured by 

NLxQO=NL^Q'qs\n.m=^Qy.NLa\n.m. 

But NL sin.m is equal to the perpendicular let fall from 

N upon Q' Q which is equal to tliat from M upon the same 

line. Hence the area of the triangle TM'P is measured 

by 

^T'TxNL&m..m=^Q'QxNL&m.m. 

The area of the trapezoid is, therefore, twice that of 
the triangle. 

If another point be taken between P' and V, and we 
make with reference to it and P' the eonatruetion that 
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has just been made with reference to J" and P, we shall 
have another trapezoid within, and triangle without, the 
parabola, and the area of the trapezoid will be twice that 
of the triangle. 

Let na suppose this process continued until we have in- 
scribed a polygon in the parabola between the limits P 
and V ; then, if the distance of the consecutive points 
J*, J*, etc., be supposed indefinitely small, it is evident 
that the sum of the trapezoids will become the interior 
curvilinear area PP'V'Q, and the sum of the triangles 
the exterior curvilinear area TF V V. 

Since any one of these trapeaoida is to the correspond- 
ing triangle as two is to one, the sum of the trapezoids 
will be to the sum of the triangles in the same propor- 
tion. But the interior and exterior area together make 
up the triangle P^r. 

Therefore interior area=|APQ?', 

and £.PQT=^^TQxPQsm.m=V'QxFQBm,m. 

But V QxPQ sin. m measures the area of the parallel- 
ogram constructed upon the abscissa VQ and the ordi- 
nate PQ. "We will denote F' Q by a: and PQ by y. Then 
the expression for the area in question becomes 
|3^.sin.m 

Cor. Wlien the diameter is the axis of the Q[- 
parabola, then m=90°, and sin. m=l, and the 
expression for the area becomes fxy. That 
is, every segment of a parabola at right angks 
with the axis is two-thirds^its circumscribing ree- 



FR0P03ITI0N IX. 



TofiTfd ike general polar equation of Ike parabola. 
Let Pbe the polar point whose co-ordinatesjreferred to 
the principal vertex, V, are c and b. Put VD=x, and DM 
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=y; then by the equation of the curve we 
have 

y!^=2px. (1) 

Put PM=R, the angle MP^=m, then . 
we ehall have 

VD=x=c+I{ COS. m. 
DM=y=b+Iimn.m. 
These values of x and y substituted in eq. (1) will give 

{h-\-R Bin. mY='2.p{c+R cos.m). (2) 
Expanding and reducing this equation, {R being the 
variable quantity), we find 

JJ^ sin.*m+2i?(isin.m — ■^cos.m)=2pe — 6' 
for the general polar equation of the parabola required, 
Cor. 1. When P is on the curve, 6'=2pc, and the gen- 
eral equation beeomee 

^3ein.*m+2S(6 8in.m— p cos.m)=0. 
Here one value of S, is 0, as it ehould be, and the other 
value i8 

jf_2(p cos. m — b sin. m) 
sin.*?7i 
When m^OO, cos.m=0 and sin.m=l. Then this last 
equation becomes 

Ji=— 26, 
a result obviously true. 

Chr. 2. When the pole is at the focus F, ttien 6=0, and 
c=^, and these values reduce the general equation to 

^*sin.*ni — 2Iip coa.m=p^. 
But sin.^7n=l — eos.*m. 

Whence -R* — i?*cos.*m — 2Bp cos.m=^. 
Or Ii^=p^+2IipGOs.m+R^co8.'*m. 

Or R=p-i-R cos.m. 

Whence 



1 — cos. m 
and this is the polar equation when the focus isthepole. 
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Wten m=0, eos.m=l, and then tlie equation becomes 

■B= ^ . or S=l= infinite, 
1—1' 

ehowing that there is no termination of the curve at the 
right of the foeua on the axis. 

When m=90'', cos.™=0, then Ii=p, as it ought to be, 
beeauae p is the ordinate passing through the focus. 

When m=180°, C08.m= — 1, then 2l=lp; that is, the 
distance from the focus to the vertex is Jy. 

As «i can be taken both above and below the axis and 
the cos.m is the same to the same arc above and below, 
it follows that the curve must be symmetrical in respect 
to the axis. 

Scholium 1.— If we take p for the unit of measure, that is,fls- 
aume j)=l, then the general polar equation will become 
RHiD.^m+2S(bBin.'mr—cos.m)=2c—b'^. 

Now if we suppose m=90°, then Bin,m=l, eos.»i=0, and S 
would be represented by the line PJtf, and the equation would be- 
come 

and this equation is in the common form of a quadratic. 

Hence, a parabola in whichp=l will Bolve any quadratic equa- 
tion by making c= F£, BP=h, then PM' wiU ^ve one value of 
the unknown quantity. 

To apply this to the solution of equations, we construct a parabo- 
la as here represented. 

Now, suppose we require the value of 
y, by construction, in the following eqna- 



tioD, 



ys+2y=8. 
Here 26=2, and 2c— 5^=8. 
Whence 6=1, and e=i.f>. 
Lay off c on the axis, and from the ex- 
tremity lay off h at right angles, above the 
axis if h \6phts, and below if minus. 

This being done, we find P is the polar point corrceponding to 
16* 
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this example, and PM'=2, is ^a plus value of y, and rM=—^ is 
the minus value. 

Had the equation been 

ys— 2y=8, 
then P' would have been the polar point, and i"Jf =4 the plus 
value, and F'M= — 2 the minus value. 

For another example let us construct the roots of the following 
equation : 

y^— 6y=— 7. 

Here 1= — 8, and 2c— 6*= — 7. Whence c=l. 

From 1 on the ails take 3 downward, to find the polar point P". 
Now the roots are P"m and rW, both plus. P"«t~1.58, and 
i"m'=4.414. 

Equations having two minus roots wiU have their polar points 
above the curve. 

When c comes out negative, the ordinates CuUnot meet the curve, 
showing that the roota would not be real but imaginary. 

The roots of equations having large numerals cannot be con- 
structed unless the numerals are first reduced. 

To reduce the numerals in any equation, as 
y+72y=146, 
we proceed as follows : 

Puty=:jw, then 

m»z''+72ws=146 

n n» 

Now we can assign any value to n that we please. Suppose 
n=10, then the equation becomes 

^3+ 7-22=1 .46. 

The roots of this equation can be cxmstructed, and the values of 
J are ten times those of z. 

ScHOimM 2. — The method of solving quadratic equations era- 
ployed in Scholium 1 may be easily applied to the construction of 
the square roots of numbers. 

Thus, if the square root of 20 were required, and we rep 
it by y, we shall have 



ioovGoot^Ie 



THE PARABOLA. 187 

an incomplete quadratic equation; but it may be put under the 
form of a complete quadratio by introducing in the £rst number the 
term ±Oxy, and we shall then have 

Here 26=0, and 2c— 6* =20; whence c^^lO; which shows that 
the ordinate correBponding to the abscissa 10 on the asia of the pa- 
rabola will represent the square root of 20. In the same way the 
square roots of other numbers may be determined 



1. What is the square root of 50 ? 

Let each unit of the scale represent 10, then 50 will be repre- 
sented by 5. The half of 5 is 2i. An ordinate drawn from 2i on 
the axis of X will be about 2.24, and the square root of 10 will be 
represented by an ordinate drawn from 5, which will be about 3,16, 
Hence, the square root of 50 cannot differ much from (2.24) (3.16) 
=7,0786. 

ANOTHER SOLUTION. 

50=25 x2, v/50=5\/2. From 1 on the axis of X draw an 
ordinate ; it will measure 1.4+. 

Hence, ^50=5 (1.4+) =7,+. 

What is the square root of 175? 

175=;25x7,^/T75=5v'7. 

An ordinate drawn from S.5 the half of 7 will measure 2.68. 
Therefore ■^n5= 5(2.65)^13.25 nearly. 

3. Givena;"— j=^s=8toflnd r. Ans. 3;=2.9.+ 

4. Qiveu {x'-\-fx=-^to&ni X. Am. ic=0.60+. 

5. Given J.y» — Jy=2 to find y, Ans. y=3.17, or— 2.5+. 
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CHAPTER T. 

THE HYPERBOLA. 

To describe an hyperbola. 

The definition of this curve suggeBta the following 
method of deaeribing it mechanically: 

Take a ruler F'H, and fasten one 
end at the point F', on which the ru- 
ler may turn as a hinge. At the 
other end of the ruler attach a thread, 
and let its length be less than that of ^ 
the ruler by the given line A'A. 
Fasten the other end of the thread ' 
at.F. 

With a pencil, P, press the thread against the ruler and 
keep it at equal tension between the points £" and F. 
Let the ruler turn on the point J?*, keeping the pencil 
close to the ruler and letting the thread slide round the 
pencil ; the pencil will thus describe a curve on the 
paper. 

If the ruler be changed and made to revolve about the 
other focue aa a fixed point, the opposite branch of the 
curve can be described. 

In all positions of P, except when at A or J.', PI* and 
PF will be two aides of a triangle, and the difference of 
these two sides is constantly equal to the difference be- 
tween the ruler and the thread ; but that difference was 
made equal to the given line A'A ; hence, by definition, 
the curve thus described must he an hyperbola. 

PROPOSITION I. 

To jind the equation of the hyperbola referred to its center 
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Let Che the center, jf*' and F' the 
foci, and AA' the transverse axis of 
an hyperbola. Draw CC at right 
anglea to AA', and take these lines 



any point of the curve, draw PF, PF' to the foci, and 
PH perpendicular to AA'. 

Make CF=c, CA=A, GH=3;, and PE:=y; then the 
equation which expresses the relation between the vari- 
ahles X and y, and the Constances c and A, will be the 
equation of a hyperbola. 

By the definition of the curve we have 

r'— r=2^. (1) 

The right-angled APSi^'givea 

r==(^-c)^+y=. (2) 

The right-angled aPSF' gives 

r'^==(x+c)^+y^. (8) 

Subtracting eq. (2) from eq. (3) we get 

r" — T^=icx. (4) 

Dividing eq. (4) by eq. (1) we have 

A 
Combining eqe. (1) and (5) we find 



This value of r substituted in eq. (2) gives 

A'-~2cx+^=x^—2cx+e'+f. 
A^ 
Reducing, we find 

Ay+{A'~-c')x?=A%A'—c^, 
for the equation sought, 

ScHOLinM. — As c ia greater than A, it follows that (^A^ — c') 
must be negative ; therefore we may assume this value equal to 
— jS*. Then the equation becomes 
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This form is preferred to the former one on account o 



larity to the equation of the ellipse, the 
Degative value of B^. 

Because A'^—c^^—B"-,A^-\-B'- 
Now to show the geometrical mag- 
nitude of B, take C as a center, and 
GF asaradius,anddeseribethecirolo 
FRF". From A draw AU at right 
angles to CF. Now Cif=e, CA=.A, 
and if we put AH=B, we 
"Whence AH must equal B. 



being only in the 




have ^s+£»=. 



PROPOSITION II. 

To determine the figure of the hyperbola from its e 
Beauming the equation 

and solving it in reapcet to ;/, we find 



If we make x=0, or assign to it any value leas than A, 
the corresponding value of 1/ will be imaginary, showing 
that the curve does not exist above or below the line A'A. 

If we make x=A, then ^=±0,^ 
showing two points in the curve, both 
at ji. _ 

If we give to 3; any value greater 
than A, wc shall have two values of y, 
numerically equal, showing that the ^ 
curve is symmetrically divided by the axis A'A produced. 

If wo now assign the same value to x taken negatively, 
that is, make z ( — x), we shall have two other values of 
y, the same as before, corresponding to the left branch 
of the curve. Therefore, ;(Ae two branches of the curve are 
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equal in-magnitude, and are in aU respects symmetrical but op- 
posite in position. 

Hence every diameter, as DD', is bisected in the center, for 
any other hypothesis would be absurd. 

Scholium 1, — If through the center, C, 
we draw CD, CD', at right angles to A'A, 
and each equal to B, we can have two opposit* 
hranehes of an hyperbola passing through D 
and D' above and below C. as the two others 
which pass through the points A' and A, at 
the right and left of 0. 

The hyperbola which passes through D and D' is said 
Jvgate to that which passea through A and A', or the two are con- 
jugate to each other, 

DD' is the conjugate diameter to A'A, and BD' may be lesi than, 
equal to, or greater than A'A, according to the relative values of c 
and A in Prop, 1. 

When B is numerically equal to A, the equation of the curve 




j,a_x«=— X=, 
and DI)' =.AA' . In this case the hyperbola is said to hv: eqaUaiercd. 
ScHOLiDM 2. — To find the value of the double ordinate wbiob 
passes through the focus, we must take the equation of the curve 

J.Sj,J — B^x''=~A^B'^, 
and make x-=.e, then 

A'y^^B\c^~A^-), 
But we have shown that A^-\-B^^e^, or B^=<i^—AK 
Whence A^y'^=B^. 

Or Ay=B', or 2y-^. 

That is, %A:2B::%B; 2y, 

showing that the parameter of the hyperbola is egual to (Xe dovitle 
ordinate, to the major axis, that posse* through the focus. 

Scholium 3.— To find the equation for the conjugate hyper- 
bola which passes through the points D, D', we take the general 
equation 

A''y^~-B''x^=~A^B^, 
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and change A into S and x into y, the equation then becomes 

which is the equation for conjugate hyperbola. 



PROPOSITION III. 

To find the equation of ike kyperboht when the origin is at 
the vertex of the transverse axis. 
When the origin is at the center, the equation is 

And now, if we move the ori^n. to the vertex at the 
right, we must put 

x=A-^x'. 
Substituting thia value of x in the equation of the hy- 
perbola referred to ita center and axes, we have 
A^—&x'^—iB'Ax '=0. 
"We may now omit the accents, and put the equation 
under the following form : 

f^^^^ix'+^Ax), 

which ia the equation of the hyperbola when the ori^n 
ia the vertex and the co-ordinatea rectangular. 



PEOPOSITION IV. 

To find the equation of a tangent line to the hyperbola, the 
origin being the center. 

In the first place, cojiceive a line 
cutting the curve in two points, P 
and Q, Let x and i/ be co-ordinates 
of any point on the line, as S, x' 
and y' co-ordinates of the point P 
on the curve, and 'jf and y the co- 
ordinates of the point Q on the- 
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The student can now work through the propoaition in 
precisely the eame manner as Prop. 6, of the ellipse was 
worked, using the equation for the hyperbola in place of 
that of the ellipse, and in conclusion he will find 

A^>/y'—B'xx'=—A^B', 
for the equation sought. 

(hr. To find the point in which a 
tangent line cuts the axis of J", we 
must make t/=0, in the equation for \ ^^^" 

the tangent ; then 

x' 

If we subtract this from CD {x') we shall have the sub- 
tangent mj-)^^! -^^ ^'* — ^^ 



PRO POSITION T. 

Toji-nd ike equation of a normal to the hyperbola. 
Let a be the tangent of the angle that the line TP makes 
with the transverse axis, (sec last figure), and rf the same 
with reference to the line FN. Then if FN ia a normal, 
it must be at right angles to FT, and hence we must have 
aa'+l=Q. (1) 

Let y and )/' he the cor-ordinates of the point P on the 
curve, and x, y, the co-ordinates of any point on the line 
PN, then we must have 

S-S'-a\x-x'). (2) 

111 working the last propoaition, for tlie tangent line 
PTwe slioiild liavc found 

Ay' 

Thia value of a put in eq. (1) will show us that 

,__jy 
IS' 

IT K 
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And this value of a' put in eq, (2) will give us 
y—y'=~-^JC£—x% 

for the eq^uation of the normal required. 

Gw. To find the point in which the normal euta the 
axis of X, we must make J/=0. 

This reduces the equation to 

Whence a:=(^i!i^W'=aZV: 

If we subtract CD, {x'), from CiV, we shall have DN, 
the sub-normal 



That is, (■^''^^^x 



^B'x' 



the sub-normal. 



PEOPOSITION TI. 

A tangent io the hyperbola, bisects the angle contained by lines 
drawn from the point of contact to the fosi. 

If we can prove that 
F'P: PF: -.F'T-.TF, (1) 
it will then follow (Th. 24, B. H, ' 
Geom.,) that the angle i^'P2'=the 
angle TPF. 

In Prop. 1, of the hyperbola, we 
find that 

F'F=r'=A-\-'^^, and PF=r= 
A 
and by corollary to Prop. 4 

F'T^F'C+CT=c^-^, and TF=c~-^ 
X a 

"We will now assume the proportion 

(..5):(-..5)::(..i!): 
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Multiply the terms of the first couplet by A, and those 
of the last couplet by x, then we shall have 

{A^+cx) : ( — A^+cx) : : {cx+A'^) : xz. 
Observing that the first and third terms of this propor- 
tion are equal, therefore 

xz=cx — J.S. 
Or z=c—^=TF. 

X 

Now the first three terms of proportion (2) were taken 
equal to the first three terms of proportion (1), and we 
have proved that the fourth term of proportion (2) must 
be equal to the fourth term of proportion (1), therefore 
proportion (1) is true, and consequently 
F'PT=TPF. 
Cor. 1. As TT is a tangent, and PN its normal, it 
follows that the angle TPN-= the angle TPN, for each 
is a right angle. From these equals take away the equals 
TPF, TPQ, and the remainder FPNraxi&t equal the re- 
mainder QPN. That is, the rwrmal line, at any point of the 
hyperbola bisects the exterior angle formed by two lines drawn 
from the foci to that point. 

Cor. % The value of Cr we have found to be :^ and 

X 

the value of CD is x, and it is obvious that 

X 

is a tnie proportion. Therefore (A) is a mean proportional 
between CT and CD. 

A tangent line can never meet the axis in the center, 
because the above proportion must always exist, and to 
make the first term zero in value, we must suppose k to be 
infinite. Therefore a tangent line passing through the center 
cannot meet, the hyperbola short of an infinite distance there- 
from. 

Such a line ia called an asymptott 
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OP THE COHJUGATB DIAMETERS OF THE HYPERBOLA. 

Definition. — 7\eo diameters of an hyperbola are said to 
be conjugate when each is parallel to a tangent line drawn 
through the vertex of the other. 

According to this definition, ff(?' andifff' in the ad- 
joining figure are conjugate diameters. 

Explanation. l.^The tangent line 
which passes through the point H is par- 
allel to CG. Hence CG makes the same 
angle with the axis as that tangent line 




If we designate the cci-ordinates of the 
point II, in reference to the center and axes 
by x' and y', and by a the tangent of the 
angle made by the inclination of OG with the axis, then in the in- 
vestigation (Prop. 6,) we find 

Ay 
Now if we designate the tangent of the angle which OM mates 
with the axis by a', the equation of CH mtist be of the form 

y'=a'x', 
because the line passes through the center. 

Whence a'=Z-. m^ 

Mnltiplying eqs. (1) and (2) together member by member, and 
we find 



to which equation oM eonjugate diameters must corretpovd. 

Explanation 2. — If we designate the angle GOB by n, and 
HOB by m, we shall have 
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PEOPOSITION VII. 
To jijid the equation of the hyperbola referred to its center 



The eqiiation of the curve referred to the center and 
axes is 

Ay—&x'=—A^B'. 
Now, to change rectangular eo-ordinates into oblique, 
the origin being the same, we must put 

x-x' oos.m+y'cos.n 1 p^ p ^ 

And y=x' sm. m+y' sin. n j 

These values of x and y, substituted in the above gen- 
eral equation, will produce 

f (em.^n^^— c09.^?iii^)y=+(sin.=m^^— cos.^5*)a:" 1 
I -|-2(8in.m sin.n^^ — cos.m cos.h &)x'y' ) 

=~A^W. {1} 

Because the diameters are conjugate, we must have 



COS. m coa.n A* 

Whence (sin. m sin. ti J.^ — cos. mcos. w,5=)=:0 (k) 

This last equation reduces eq. (1) to 
(sin.*nji^— eoa.^nS^)j/'^-f (sin.^mJ.^ — coB.^mB'']x'^=—A?SP(^) 
which is the equation of the hyperbola referred to the 
center and conjugate diameters. 

If we make )/'=0, we shall have 

(Bin.%^^— eo3.%^)~ ^^ 
If we make a:'=0, we shall have 

(sin.'MA^— cos.=?i_B^} '^^ 

If we put A'^ to represent GH*, and regard it as posir- 
tive, the denominator in eq. (3) must be negative, the nu- 
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merator being negative. That is, sin-^m^l^ must be less 
than cos.^mS^. 

That is, ain.^mJ.^<eoB.*m^. 

Or tan. m<_. 

A 



Whence 

A. 

Therefore the denominator in eq. (4) is positive, but 
the numerator being negative, therefore CG must be 
negative. Put it equal to — B'^. 

Now equations (3) and (4) become 



A"=. 



—A^B" r>,2_ —AU 



{mx.'mA''^-coB.^mS')' (sin.'nJ.' — coB.^nB^y 



Comparing these equations with eq. (2) we perceive 
that eq. (2) may be written thus : 

B"' A'^ 

Whence A'^}/'—B'^z'^=—A'^B'\ 

Omitting the accents of x' and y', since they are gene- 
ral variables, we have 

A'Y—B'H''=—A'^B'\ 
for the equation of the hyperbola referred to its center 
and conjugate diameters, 

ScHOUUM 1. — Aa this eqnation is precisely similar to that re- 
ferred to the center and axes, it follows that all results hitherto de- 
termined in respect to the latter will apply to conjugate diameters 
bj changing J, to j1' and S to B', 

For instance, the equation for a tangent line in respect to the 
center and axes liaa been found to be 

A'w,'—Ji'xx':^—A'£'. 
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Therefore, in respect to conjugate diameters it must bo 
A"']/y'—B'^x'j:'=—A'^£'^, 
and so on for normals, sub-normals, tangents and sub-tangenta. 

Scholium %. — If we take tlie equation 

A'^y^—B'^x^ ^—A'^£'^ , 
and resolve it in relation to ^, we shali find ,; 
that for every value of x greater than A' we 
shall find two values of y numerically equal, 
which shows that OM bisects MM and every 
line drawn parallel to MM, or parallel t 
tangent drawn through L, the vertex of the 
diameter ii'. 

Let the student observe that these several geometrical truths were 
discovered by changing rectangular to oblique co-ordinates. We 
will now take the reverse operation, in the hope of discovering other 
geometrical truths. 

Hence the following : 

PROPOSITION Till. 

To change the equation of the hyperbola in reference to any 
system of conjugate diameters, to its equation in reference to the 
axes. 

The equation of the hyperbola referred to conjugate 
diameters is 

To change oblique to rectangular co-ordinates, the for- 
mulas are (Chap. 1, Prop. 10,) 

,_a;sin.n — ycoa.n ,./_y cos. 9n — xBin.m 

sm. {n — m) ' sin. {n — m) 

Substituting these values of x' and y' in the equation, 
we shall have 

A'\y COS. m—x sin . mf ___ Ii'\x sin . n—y coa. nf_ j^,; j,^ 
^F{n—m) sin.\n—m) 

By expanding and reducing, we shall have 
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\ 2{ — A'hiD.m co8.m+5"sin.K cos.n)xy j 

= — A'^B'^ sm.''(7i — m). 
which, to be the equation of the hyperbola when referred 
to the center and axes, must take the well known form, 
AY—B'x'=--A^S'. 
Or in other words, these two equations must be, in 
fact, identical, and we shall therefore have 

A'^ cos.'m — S'^ coa.^n—A'^. 0-) 

A'^BiTiJ'm—B'^&in.H=—B^. (3) 

— A" sin. m cos. m+B'^ sin. n cos. n=0. (3) 

—A'^ B'^ sm.%n—m)=—A^B'. (4) 

By adding eqs. (1) and (2), observing that (co8,^m+ 

8in.^m)=l, we shall have 

A'^-^B'^^rA'—:^. 
Or 4A'^—4B''=iA'—iB^, 

which equation shows this general geometrical truth: 

That the difference of the squares of any two conjugate di- 
ameters is equal to the difference of the squares of the axes. 

Hence, there can be no equal conjugate diameters un- 
less A=B, and then every diameter wilt be equal to its con- 
jugate : that is, A'^B'. 



Equation (S) corresponds to tan.mtan.tt: 



the equa- 




tion of condition for conjugate di- 
ameters. 

Equation (4) reduces to 
A'B sm.{n—m)=AB. 

The first member ia t 
of the parallelogram GCHT, and it 
being equal ixt AxB, shows this ge- 
ometrical truth : 

That the parallelogram, formed by drawing tangent lines 
through the vertices of any system of conjugate diameters of 
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the hyperbola, is equivalent to therectangle formed hy drawing 
tangent lines ikrov^h the vertices of the axes. 

Remaek. — Tlie reader should observe that this propo- 
sition is similar to (Prop. 33,) of the ellipse, and the gen- 
eral equation here found, and the incidental equations (1), 
(2), (3), and (4), might have been directly deduced from 
the ellipse by changing B into B \/ZIi, and B' into 



or THE ASYMPTOTES OF THE HYPERBOLA. 

Definition. — If tangent lines be drawn through the 
vertices of the axes of a system of conjugate hyperbolas, 
the diagonals of tie rectangle so formed, produced inde- 
finitely, are called asymptotes of the hyperbolas. 

Let AA', BB', be the axes of 
conjugate hyperbolas, and through 
the vertices A, A', B, B, let tan- 
gents to the curves be drawn form- 
ing the rectangle, as seen in the 
figure. The diagonals of this rect- 
angle produced, that is, VXy and 
ME', are the asymptotes to the curves corresponding to 
the definition, 

If we represent the angle DC^hj m, JE' CX will be m 
also, for these two angles are equal because CB= CB'. 

It is obvious that 

-S 
tan. m= — 




"Whence 
But cos.^ 



m A^ 
Therefore 
B" 



l--8in.^m A^ 



ioovGoot^Ie 



ANALYTICAL GEOMETRY. 



ConsecLuently si 

which equations furnish the value of the angle which the 
aaymptotea form with the transverse axis. 



PEOPOSITION IX. 

To find the equation of the hyperbola, referred to its center 




Let CM=x, and FM^y. Then the equation of tJie 
curve referred to its center and axes ia 
Ahf—B'x^=—A^B'. 

Trom P draw PZT parallel to GE, and 
PQ parallel to CM. Let CH-x', and 

Now the object of this proposition is 
to find the values of x and y in terms of 
a^ andy, to substitute them in eq. {]). 
The resulting equation reduced to its 
most simple form will be the equation 
sought. 

The angle SCMiB designated by m, and because HP 
ia parallel to GE, and P§ parallel to CM, the angle SPQ 
is also equal to m. 

Wow in the right angled triangle CSk we have Mh 
=x' ein. m, and Ch=:d cos. m. 

In the right angled triangle PQH we have SQ 
=y' sin. m, and PQ=y' cos. m. 

"Whence Hh — HQ=Qh~PM=y=x' sin. m — y' sin. m. 

Or y={3^' — y') sin. m. <3) 

Ck+ QP= CM=x=7i COS. m+y' cos. m. 

Or 3;=(3:'4-y) cos, m. (3) 

These values of y and a; found in eqs. (2) and (3) sub- 
stituted in eq. (1) will give 
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A\x'—yJ mi? m—B" (x'+i/f cos.' m^—A^B". 
Placing in this equation tlie values of ein.^ and coB.hn, 
previously determined, we have 

-^'^ ix'~y'f — ^'-^ (x'+y'f=—A^S^. 
A'+B"^ ^' A'+B"^ -^ ' 
Dividing througt by A?B^^ and at the same time mul- 
tiplying by (J?-^W), we get 

{x'-y'f^x'^yJ=^A^^W). 
Or -^x!y'^^{A^^B^, 

Or .y-f^-, 

4 
which is the equation of the hyperbola referred to its 
center and asymptotes. 

Cot. As x' and y' are general variables, we may omit 
the accents, and as the second member is a constant 
quantity, we may represent it by M^. Then 
xy=W, or x=^, 

y 

This last equation shows that x increases as y deere.a8es ; 
that is, ih. curve approaches nearer and nearer the asymptote 
as the distance from the center becomes greater and greater. 

But X can never become infinite until y becomes ; that 
is, the asymptote meets the curve at an infinite distance, corres- 
ponding to Cor. 2, Prop. 6. 

PROPOSITION X. 

All parallelograms constructed upon the abscissas, amdordi- 
nates of the hyperbola referred to its asymptotes are equivalent, 
each to each, and each equivalent to ^AB. 

Let X and y be the co-ordinates corresponding to any 
point in the curve, as P. Then by the equation of the 
curve in relation to the center and asymptotes, we have 
xy=3P. (IJ 
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Alao let x', y', represent the co-ordinatea 
of the point Q. Then 

x'y'=M\ (2) 

The angle p CD between the asymptotes 
we will represent hy 2m. Now multiply 
both members of equations (1) and (2) by 
sin. 2m. 

Then we shall have 

xy sin, 2m=iJP eiu. 2m. 
x'p' sin. 2m=M^ sin, 2m. 

The first member of eq, (3) represents the parallelo- 
gram GP, and the first member of eq. (4) represents the 
parallelogram CQ ; and as each of these parallelograms 
is equivalent to the same constant quantity, they are equiv- 
alent to each other. 

Now A is another point in the curve, and therefore the 
parallelogram AHGD is equal to {W sin. 2m), and there- 
fore equal to CQ, or GP. Hence all parallelograms 
bounded by the asymptotes and terminating in a point in 
the curve, are equivalent to one another, and each equiv- 
alent to the parallelogram AHCD, which has for one of 
its diagonals half of the transverse axis of A. 

"Wc have now to find the analytical expression for this 



The angle HCA=m, ACD=m, and because AM is pa- 
rallel to CD, CAH=m. Hence, the triangle CAH ie 
isosceles, and CII=HA. The angle AIIq=2m,. Now 
by trigonometry 

sin. 2m : J. : : sin. m : GH. 
But sin. 2m=2 sin. wi cos, m. Whence 

2 sin. m cos. m: A:: sin. m : GH. 

2cos.m 
Multiply each member of this equation by GA=A, and 
sin.m, then 
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_ -4.^ sin. m A\ 



The first memlDer of this eqaation represents the area 



of the paranelogram CHAD, and the tan. 'n=^. Hence, 
the parallelogram is equal —■—=JJ.£,whichi8 the value 
also of ail the other parallelograms, as C§, CP, etc. 




PROPOSITION XI. 

To find the equation of a tangent line to the hyperbola re- 
ferred to Us center and asymptotes. 

Let P and Q be any two points on the 
curve, and denote the co-ordinates of the 
first by a;', y', and of the second by a^', y". 

The equation of a straight line pass- 
ing through these points will be of the 
form 

y—y'=a{x—x') (1) 

in which a—^SZM-, 
z' — x" 
We are now to find the value of a when the line be- 
comes a tangent at the point P. 
Because P and Q are points in the curve, we have 

x'y'=3;'y". 
From each member of this last equation subtract z'j/'i 
then 

3^y ' — xy^Tfy" — ar'j/". 
Or x'{y'^!r) f{x'^^. 

Whence a=^.^=_^. 

x' — x" x' 

This value of a put in eq. (1) gives 



y—y' 



=_y' 



Ux-x'). 
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Now if we suppose the line to revolve on the point P 
Rs a center until Q coincides with P, then the line will 
he a tangent, and x'=z", and y'='^', and eq, (2) will be- 




y—y'=—"-,{x—x'), 

x' 
which is the equation sought. 

Cot. To fincl the point in which the 
tangent line meets the axis of X, we 
must make )/=0 ; then 
x=2x'. 

That is, Ct is twice CS, and as MF 
and Crare parallel, iP=PT. ' 

A tangsni line included between the asymp- 
ix}tes is bisected by the point of tangeney. 

ScHOHCM. — From any point oti the asymptote, as D, draw DO 
parallel to Tt, and from G draw C'P, and produce it to S. 

By Echoliiiiii 2 to Prop, 7 we learn that CF produced will bisect 
all lines parallel to tT and within the curve ; hence gd ii bisected 

But as CPbisects tT, it bisects all lines parallel to iTwitbin the 
aaymptotes, and DG is also bisected in S; hence dD~Gg. 

In the same manner we might prove dh^kv, because hk is par- 
allel to some tangent which might be drawn to the curve, the same 
as -DG is parallel to the particular tangent tT. 

Hence, If any liiie he drawn cutting the hyperbola, the parts he- 
tween the anymptotes and the curve are e<iual. 

This property enables us to describe the hyperbola by points, 
when the asymptotes and one point in the curve are ^iven. 

Through the given point d, draw any line, as DG, and from G 
set off Gg=dD, and then g will be a point in the curve. Draw 
any other line, as hk, and set off kv=^dh ; then v is another point 
in the curve. And thua we might find other points between v snd 
g, or on either side of n and g. 
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PEOPOSITION XII. 

Tojvnd the polar equation of the hyperbola, the pole being at 
either focus. 

Take any point P in tlie hyperbola, 
and let its distance from the nearest 
focus be represented by r, and its dis- 
tance from the other focus he repre- ^"S~c ~ 
sented by r'. 

Put GH=x, CF=c., and CA^A, Then, by Prop. 1, 




(1) 



(2) 



Now the problem requires us to replace the symbol x, 
in these formulas, by its value, expressed in terms of r 
and r' , and some function of the angle that these lines 
make with the transverse axis. 

First. — ^In the right-angled triangle PFH, if we desig- 
nate the angle PFHhy v, we shall have 
1 : )• : : cos, v ; FH=r cos. V- 
CS=CF+FB:. Thatis, 3:=c+rcoB.P. 
The value of x put in eq. (1) gives 
,e'+crcoa.v 



-A+i. 



Whence 



<?— ^^ 



(3) 



Second. — In the right-angled triangle F'PM, if we diB9- 
ignate the angle PJ^'^by v', we shall have 
1 : r' : : cos.v' :F'JS=r' cob, v'. 
But FII=F' C+ CH. That is, r' eoe. v'=c-\-x. 
Or 3:=r'cos.i;' — e. 
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and tluB value of x put in eq. (2) gives 



r'=A-^'. 



cr' COB. V 



Whence 1^= ^~^ . (4) 

A — c COS. v' 

Equations (3) and (4) are the polar equations required. 
Let ns examine eq. (3). Suppose v=0, then cos.«=i, 
and 

A—c 

But a radius vector can never be a inimis quantity, 
therefore there is no portion of the curve on the axis to 
the right of F. 

To find the length of t when it first strikes the curve, 
we find the value of the denominator wlicn its value first 
becomes positive, which must be when A becomes equal 
to c eos-u ; that is, when the denominator is 0. the value 
of r will be real and infinite. 

If A — i;coa.T;=0, 

then COS. y=_. 

c 
This equation shows that when r first meets the curve 
it is parallel to the asymptote, and infinite. 

When w=90°, cos. ?!=0, and then r la perpendicular at 

the point F, and equal to . ~ or half the parame- 

A A 

ter of the curve, as it ought to be. 

When t;=180°, then cos. k= — 1, and — ccos.w=c; then 

r=.^ZZ:^l=e~A=FA, 
c+A 
a result obviously true. 

.As V increases, the value of r will remain positive, and, 
consequently, give points of the hyperbola until cos.v 
again becomes eqiial to — , which will be when the radius 
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vector makes with the transverse axis an angle equal to 

360° minus that whose cosine is _, Equation (3) will 
c 

therefore determine all pointa in the right band branch 

of the hyperbola. 

Now let us examine equation (4), If we make v'=^, 

tben 

A — a 
as it ougbt to be. 

To find when r' will have the greatest possible value, 
we must put 

A — c COS. w'=0. 

Whence coB,t/= — . 

e 

This shows that «' is then of sucb a value as to make r' 
parallel to the asymptote and infinite in length. If we 
increase the value of v' from this point, the denominator 
will become positive, while the numerator is negative, 
which shows that then r' will become negative, indicating 
that it will not meet the curve. 

The value of r will continue negative until the radius 
vector falls below the transverse axis, and makes with it 

an angle having +_ for its cosine. Values of i? between 
c 

this and 360° vrill render r positive and give points of the 

hyperbola. Equation (4) will, therefore, also determine 

all the points in the right hand branch of the hyperbola; 

By changing the sign of e, we change the pole to the 

focus IP, and eqs, (3) and (4), which then determine the 

left hand branch of the hyperbola, become 

^■^A ->_ A* C^ fAi\ 
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General Remarks.— When the origin of co-ordinates is at tho 
circumference of a circle, its equation is 

When the origin of a parabola is at ita vertex, its equation ia 

When the origin of co-ordinates of the eUipse ia at the vertex of 
the major axis, the equation of the curve is 

A^ 
When the origin of eo-ordinatea ia at the vertex of the hyper- 
bola, the equation for that curve is 

But all of these are comprised in the general equation 

In the circle and the ellipse, q is negative ; in the hyperbola it is 
positive, and in the parabola it is 0. 



CHAPTER VI. 

ON THE GEOMETEICAL EEPEESENTATION OP EQUATIONS 
OF THE SECOND DEGREE BETWEEN TWO TAEIABLES. 

1. — It has been shown in Chap. 1, that every equa- 
tion of the first degree between two variables may be 
represented by a straight line. 

It has also been shown that the equations of the circle, 
the ellipse, the parabola and the hyperbola were all some 
of the different forms of an equation of the second de- 
gree between two variables. It is now proposed to prove 
that, when an equation of the second degree between two 
variables represents any geometrical magnitude, it is 
some one of these curves. 

The limits assigned to this work compel us to be as 
brief in this investigation as is consistent with clearness. 
We ehall, therefore, restrict ourselves to a demonstration 
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of this proposition ; the determination of the criteria by 
whieli it may be decided in every ease presented, to which 
of the conic sections the curve represented by the equa- 
tion belongs, and the indication of the processes by 
which the curve may be constructed. 

2.— The equation of the second degree between two 
variables, in its most general form, is 

for, by ^ving suitable values to the arbitrary constants, 
A, B, C, etc., every particular case of such equation raay 
be deduced from it. 

The formulas for the transfonnation of co-ordinates 
being of the first degree in respect to the variables, the 
degree of an equation will not be changed by changing 
the reference of the equation from one system of co-or- 
dinate axes to another. We may therefore assume that 
our co-ordinate axes are rectangular without impairing 
the generality of our investigation. 

The resolution, in respect to y, of the general equation 
gives 



2 A 2A iA'i_ 



y — 5- 



If \x'-¥iBII\x+I>' 
<l—iAc\ —4AE\-^AF 
Kow let AX, AY h& the co-ordinate axes, and draw 
the straight line MQ, whose equation is 
B^_I> 
'iA 2A' 
Tor any value, AD, of x, the 
dinate, DC, of this line, ia e: 
pressed by 

_B ^_D 
iA iA' 

and this ordinate, increased and diminished successively 
by what the radical part, when real, of the general value 
of y becomes for the same substitution for x, will give 
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two ordmates, DP, DI", corresponding to tlie abscissa 
AD. 

Since P and P are two points whose co-ordinates, 
when substituted for x and y, will satisfy the equation, 
Ay'^+Bxy+C3^+, etc., =0, they are points in the line 
that this equation represents. By thus constructing the 
values of y answering to assumed values of x, we may 
determine any number of points in the curve. 

In getting the points P and P', we laid off, on a pai^ 
allcl to the axis of y, equal distances above and below 
the point C; PP' is, therefore, a chord of the curve par- 
allel to that axis, and ia bisected at the point C. 

The solution of the general equation in respect to x, 
gives 

x=—^V——±J^ I ^ \f-V%BE\y+I? 
W^ 2C 2C>J_iic| --4001 —40? 

The equation 

x=^^y~-^ 
20 20' 
is that of a straight line, making, with the asie of y, an 
angle whose tangent is — . , and intersecting the axia 

of Xat a distance from the origin equal to — ——. 

As above, it may be shown that any value of y that 
makes the radical part of the general value of x real, re- 
sponds to two points of the curve, and that the straight 
line whose equation is 

=__-^ _.£■ 
^ 2C^ 2a' 

bisects the chord, parallel to the axis of -Z", that joins 
these points. 

By placing the quantity under the radical sign in the 
value of y equal to 0, we have an equation of the second 
degree in respect to z, which will give two values for x. 
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If these values are real the corresponding points of the 
curve are on the line MQ ; that is, they are the intersec- 
tions of this line with the curve, since, for each of these 
values, there will he hut one value of y, which, in cou- 
nection with that of z, will satisfy the general equation, 
and these values also satisfy the ec^uation, 

In like manner, placing the quantity under the radical 
sign in the value of x equal to 0, we shall find two values 
of 2/, to each of which there will respond a single value 
of X, and the points of the curve answering to these val- 
ues of y will be the intersections of the curve with the 
line whose equation is 

20^ 2C 
A diameter of a curve is defined to he any straight line 
that bisects a system of parallel chords of the curve. 
From the preceding discussion we therefore conclude, 

1, That if an elation of the second degree between two 
variables be resolved in respect to either variable, the equation 
that results from placing this variable equal to that part of its 
vahe which is independent of the radical sign will be the equa- 
tion of that diameter of the curve which bisects the system of 
chords parallel to the axis of the variable. 

2, The values of the othervariabU found from the equation 
which results from placing the quantity under the radical sign 
equal to zero, in connection with the corresponding values of the 
first variable, will he the co-ordinates of the vertices of the 
diameter. 

3, The formulas for changing the reference of points 
from a system of- rectangular co-ordinate axes to any 
other system having a different origin are 

x=a+x'co?,.m+y'(iw. n. 
y=b-\-z'%\n, m-l-^'sin. n. 
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=0 (1) 



Substituting these values of x and y in the equation 

Afi-Sxy-i-Gc''+Dy'i-Fx+F=^0 

developing, and arran^ng the terma of the resulting 

equation with reference to the powers of y' and x' and 

their product, we find 

(A sin.^ n+B sin. n cos. n+C coa^ n) y'^ 
■\-{A ein.^ m+B sin. m cos. m+ C cos' m) x''^ 
+\^A sin. m sin. w+S (sin. m cos. « 

+sin 71 COS. m) +2C cos. m cos. Ji] x' y 

cos. n^' 
+[2J.6+£6+Z») Bin. m4-(2ai+-B6+^ 
COS. m]a:' 

Since we have four arbitrary quantities, a, b, m, and n 
entering this equation we may cause them to satisfy any 
four reasonable conditions. Let us see if, by means of 
them, it he possible to reduce the coefficient/) of the first 
powers, and of the product of the variables, s 
to zero. 

"We should then have 

2A sin. m sin. n+B (sin. m cos. K+sin. n \ _. 
cos. m) +2Ccos. m cos. n. i 

{^Ab-i-Ba+D) sin. n+{2Ck+Bb+E) cos. n=0 

{2Ab+Ba+J)) sin. m+(2Ga+Bb+Mi cos. m=0 

These equations may he put under the form 

2A tan, m tan. n+B (tan. m+tan. m)+2O=0 

{2Ab+Ba+D) tan. n+2Ca+Bb+S=0 

{2Ab+Ba+D) tan. m+2Qi+Bb+E=l) 

TTow, since it is necessary that m and n should differ in 

value, it is evident that, in order to satisfy eqs. (3') and 

(4'), we must have 

2Ab+Ba+I)^0 (5) 

And 2Ch+Bb+jE=0 (6) 



(2) 

(3) 
(i) 

(20 
(3') 
(4') 
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And 



JIGB—BE 



These values of a and h are infinitewhenS^ — 4J.G=0, 
and it will then be impossible to satisfy hoth eqs. (3') and 
(4'), and consequently to destroy the co-efficients of the 
first powers of the two variables in eq. (1) ; we shall, for 
the present, assume that -B* — AA.C is either greater or 
lees than zero, 

By transposition and division eqs. (5) and (6) become 

And a=^-.?-b—^ 

2C 2C 

the first of which, if a and b be regarded as variables, is 
the equation of the diameter that bisects the chords of 
the curve which are parallel to the axis of y, and the sec- 
ond, that of the diameter which bisects the chords which 
are parallel to the axis of X. The values of a and b, 
^ven above, are, therefore, the co-ordinates of the inter- 
section of these diameters. 

Since eq. (2') contains both of the undetermined quan- 
tities, m and n, we are at liberty to assume the value of 
either, and the equation will then give the value of the 
other. Let us take for the new "axis of X the diameter 
whose equation is 

then tan. m~ — TMa value of tan. m sul)3titnted in 

2A 
eq. (2') givea 

{B—Bj tan. m-B'—iAC, 



Or tan. n=: 



B'^iAC_ 
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That is, the new axis of y is at right angles to the 
primitive axis of j£. 

The values of a, h, and tan. n which we have thus 
found, in connection with the assumed value of tan. m, 
will reduce the co-efficients of the first powers and of the 
product of the variables in eq, (1) to zero. 

To find what the co-effleients of y'^ and x'^ become, we 
must first get the values of the sines and cosines of the 
angles m and n from the values of tan, m and tan. n. 

Since tan. m= — , and n=90° we have 

_j_ B ±4. 

Bin. m=±:— ""' ' 



sin. n=l cos, n=0. 

The eign ± is written before the value of sin, m, and 
the sign ^ before that of cos. m, because if the essential 
sign of tan. m is minus, which will be the case when A 
and B have the same sign, sin. m and cos. m must have 
opposite signs ; but if the essential sign of tan. m is plus, 
then A and JB have opposite signs, and sin. m and cos. m 
must have like signs. 

Making these substitutions in ec[. (1) it will become, 
whether the signs of A and B are like or unlike, 

Ay'"— A ^-B'-^g \ 3;.2=_ {Alf+Bab+ Oy^+Bb-^Mi 
+F. (!') 

IN'ow, since the first term of the general equation may 
always be supposed positive, the two terms in the first 
member of equation {!') will have like signs when S' — 
4A.C<Q, and unlike signs when £^ — iAC^O. In the 
first case the form of the equation is that of the equation 
of the ellipse, and in the second, the form is that of the 
equation of the hyperbola, referred in either case, to the 
center and conjugate diameters. 
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Hence, when the transformation by which eq, (!') was 
derived from the general ec[uatioii 

Ay^+Bxy+ Cx'+I>y\-Mx+F=(i 
is possible, we conclude that the latter equation will 
represent either the ellipse, or hyperbola, according as 

4. — Let us now examine the case in which 

Since, under this hypothesis, the co-efficients of the 
first powers of both variables in eq. (1) cannot be de- 
stroyed, we will see if it be possible to destroy the abso- 
lute term of the equation, and the co-efficients of the 
product of the variables, the second power of one varia- 
ble and the first power of the other variable. 

Then the equations to be satisfied are 

{2^sin.m8in.?i+^{sin.meos.K+sin.3icos.m) \_.n /at 
+2Ceos.mco8.ji j 

Aam.'^m+B sin-ni. eos.m.-f Cco8.^m.=0. (fl) 
(2Ab+Ba+D)a\Ti.n-i-{2Ca+Bb+i:)co8.n=0. (3) 
when it is required that the co-efiieientB of x'^ and y' 
should reduce to zero in connection with the absolute 
term and the co-officient of x'y', in eq. (1). To reduce 
the co-efficienta of y'^ and 3/ to zero, instead of those of 
x"' and y', it would be necessary to replace eqs. (8) and 

(8) by 

A am.^n+B sin.71 eos.7i+ 6'eos.^ffl=0, (9) 

{2Ab+£a-i-I>)sm.m+{2Ca+Bb+S]eos.m=(i. [4) 
Equations (2) and (8) may be written 

2J.tan.mtan.K-)-B(tan.m+tan.n)+2C^0. {2') 
A tan.'~m+B tan.m-!- C=0. (8') 

From eq. (8') we find 

18 
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and this value of tan.m aubatituted in eq. (2') gives 



V) and, 

therefore, eq, (2), will be satisfied independently of the 
angle n. 

Equation (7), being what the general equation becomes 
■when a and b take the place of x and y respectively, 
ehowB that the new origin of co-ordinates must be on the 
curve. Solving this equation with reference to b, and 
introducing the condition B^ — iA 0=0, we find 

Jfow, because the imposed conditions require that the 
transformed equation shall be of the form 

it follows that every value of x' must give two numeri- 
cally equal values of y' ; hence, the new axis of Y must 
be parallel to the system of chords bisected by the new 
axis of X. That is, n must be equal to 90°, and, conse- 
quently, sin.Ji^l, cos.w=0. 

Equation (3) will therefore become 
2^6+Pa+D=0. 

"Wlience 6= — — a — _ , and the radical part of the 
iA 2A' ^ 

value of b will disappear, or we shall have 
2{£D—2AI!)a+ D ^-4^_F= 0. 
From which we get 

^^_ B'—JAF 
^{BD—IAE) 
These values of a and b place the new origin at the 
vertex of the diameter whose equation is 
^_B _D 
^ 2^^ 2A' 
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and make the uew axis of T a tangent line to the eiirve 
at the vertex of this diameter. 

The values of a, b, m and n which we have now found, 
Bubatituted in eq. (1), will reduce it to 

Ay"'+{2Ca+Bb+S)eoa.inx'=(i. 

Or y'^+l{2Qz+M+i:)coa.mx'==0. 

Denoting the co-efficient of z' hy — 2p', this last equa- 
tion becomes 

y'2^2p'x', (lOj 

which is of the form of the equation of the parabola re- 
ferred to a tangent line and the diameter passing through 
the point of contact. 

The transformation by which eq. (10) was derived from 
the general equation is always possible when B^ — '^AC 
=0, unless we also have BD — 2J.£=0. If we suppose 
that both of these conditions are satisfied, the general 
value of y, which is 



1A 






"^ 2A '%A %A\ 

and ^=-^^-£-2^4^^-4^^; 

which are the equations of two parallel straight lines. 

Under the suppositions just made, the general equa- 
tion may be written under the form 

(2Ay+Bx+D+^ly~iAF)(2Ay^Bx-{-I>-^iy-iAF]=Q, 
which may be satisfied by making, first one, then tlie 
other factor of the first member, equal to zero. Each of 
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tlie equations thus obtained, being of the first degree in 
respect to x and y, will represent a right line. 

if the fiirther condition, D= — 4J J'<0, be imposed, the 
rigbt lines will have no existence, and the general equa- 
tion can bo satisfied by no real values of x and y. 

The value of 2p', the parameter of the diameter which 
becomes the new axis of X, wUl be found by substituting 
in the expression 



the values of a, b and cos. m. Tbese values are 



^BJ)~-2AE) iA{BD—2AS) 

2A 



'^iA^+B'' 
To reduce eq. (1) to the form 

x'^=yy' (11) 

we must satisfy equations (7), (2), (9) and (4), 

From eq. (4) we find tan. n= — —-■, and this value of 
tan. n substituted in eq. (2') gives tan. m=-; results 

which might have been anticipated, since eqs. (3) and (4) 
are the same, except that m in the former takes the place 
of n in the latter. 

Because eq, (11) will give two numerically equal val- 
ues of x' for every value of j/', the new axis of JTmust 
be parallel to the system of chords bisected by the new 
axis of y; hence m=0°, sin, m=0, cos. m=l, and equa- 
tion (4) therefore reduces to 

2ai+-B6+_ff=0 

Whence a= — — h — — . 

2C 2(7 
Solving eq. (7) with reference to a we have 
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By comparing this value of a with that which precedes 
we find 

^(BE—'2, Cl))b+E'—4 CF=0, 

Whence b=-^'^^^ ^ 

2{BI!—2CD) 
These values of a and b place the new origin at the 
vertes of the diameter whose equation is 

B _E 

20^ 20 

Or y=-l2x~^ 

" B B 

The transformation by which eq. (4) is derived from 
eq. (1) will be impossible when b is infinite ; that is when 
BJ?— 2CD=0. 

It may be easily proved that when B'- — 4AC=0, the 
condition BD — 2AE=0 necessarily includes the condi- 
tion jBJ5 — 2CZ)=0; tbat is, when we cannot transform 
eq. (1) into eq, (10), it will also bo impossible to trans- 
form it into eq^. (11). 

BD-2AE=Q gives^-^=0- 

B_^2C 
'■^2A B 



For 

And S'—iAG^O i 



"Whence -g -q= 
5. — We have now established the following criteria for 
the interpretation of any equation of the second degree 
between two variables, viz : 

For the ellipse, B'—4AC<0. 
For the hyperbola, B'—4AO>0. 
For the parabola, B^ — iA 6=0. 
It remains for us to indicate the construction of any 
of these curves from its equation, and in doing this, we 
19* 



ioovGoot^Ie 



322 



ANALYTICAL Q K U 1! K 'I' R Y . 



stall follow the order in which the eonditione are given 
above. 

Mrst, B^—iAC<0, the ellipse. 
6. — Let us resuine the formulaa. 
^^ 2A£:—BD 

. 2.CD—BE , B 

b= .^ -, tan. m= — 

B^—iAC 2A 

A«'!'—A{?^I=^^]x'^=—(At>''+Bab-i-Ca +I)b+£a 

+F, (V) 

and suppose, for a particular case, 5=0, and A=G. 

w. _ n 

We BhaU then have a 



'"+a:" 



~"2J- 2^ 

^^+E^-4AF 
4A» 



That ia, the general equation, under the suppositiona 



co-ordinates of its center, and \ ^^+^' ^-^-^ for its ra- 
dins. 

Draw AX, A Y for the primitive 
co-ordinate axes, lay off AB= 




points B and D draw the parallels 
SCand DC to the axes. Their 
intersection, C, ia the center of the 
circle, and the circumference de- 
scribed with C£'= | iy+-g^-^AF „,, ^ radius, will 

V iA' 

that represented by the given eriuation. 
The general equation gives 
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2A -lAyJ* 



(JS'—iA C)x''+2iBD~-^,Ai;)x+D'—iAF. 
Placing the quantity under the radical sign, in this 
value of y, equal to zero, we have 

and denoting the roots of this equation by x' and a/', the 
value of y may be written 

Now x' and xf are the absciesaa of the vertices of the 
diameter whose equation is 



The corresponding values of y are 
, Bx'-i-D 



B^^'+D 



Substituting these values of x', a^ and j/', y" in the for- 
mula 

•^{x'—-j f'f+{ij'—ff, 

we have - ^. f^+iJ.^ for the length of the diameter. 

The diameter which is conjugate to this is that which ia 
parallel to the axis of y. We find the ordiuatea of its 
vertices by substituting a=^- — for x in eq. (q), which 
then becomes 

Denoting these hvo values of 1/ by j/,, v^i ^lii^i^ diifer- 
enee, whieh ia tlie lengtli of tlie conjugate diameter, ia 



x'— l" I" 
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To iind the angle that the con- 
jugate diameters make witli each 
other, let VV be the first diameter 
and QQ' the second. The angle 
that VV makes with the axis of 
JC is equal to V VH, and its cosine 
is VR '£'—x' 2A 




and the LQCF'=the \_BVV'=90°+ih^ \_V' VS. 

When the roots of eq. (p) are equal, the vertices of the 
fii-st diameter, and also those of its conjugate, coincide, 
and the ellipse reduces to a point. Equation (q) may 
then he put under the form 

Because B^ — iAC is negative, this value of y will he 
imaginary for eveiy value of x except the particular one, 
x=x', which causes the radical to disappear. 

When the roots of eq. (p) are real and unequal, that 
one of the factors {x — x'), {x — z") under the radical in eq. 
(q), which corresponds to the root which is algebraically 
the greater, will be negative, while the other will be pos- 
itive, for all values of x included between the limits of 
the smaller and greater roots. The quantity under the 
radical, being then composed of the product of three 
factors, two of which are negative and one positive, will 
itself be positive and the corresponding values of y will 
therefore he real. 

All values of x which exceed the greater, and, also, all 
values of a; which are less than the smaller, of these roots, 
will render the quantity under the radical negative and 
the corresponding values of y imaginary. The roots x' 
nud z" are therefore the limits within which we would 
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select values of x to substitute in tlie equation to get the 
co-ordinates of points of the curve. 

When the roots of eq. (p) are imaginary, the product 
of the factors {x — x'), {^ — a:") under the radical in eq. (q) 
will remain positive for all real values of x; and because 
the other factor is ^ — 4J.C<0, the radical will always 
be imaginary : that is, no real value of x which will give 
a real value for y. There is, then, in this case, no point 
in the plane of the co-ordinate axes whose co-ordinates 
will satisfy cq. (q), and, consequently, the equation from 
which it was derived, and the curve, has no existence, or 
it is imaginary. 

By the solution of eq. (jj) it will be found that when 
the expression 

(_Bi>— 2^^)=— (_B=— 4_4 0){I?~AAF) 
is positive, the roots of the equation are real and unequal ; 
when the expression is zero the roots are real and equal, 
and wlien negative the roots are imaginary. 

If we solve the general equation with reference to x 
instead of y, and place the quantity under the radical 
sign equal to zero, we shall find that when the expression 

is positive, the roots of the resulting equation are real 
and unequal ; when zero, these roots are real and equal, 
and when negative they are imaginary. 

It might be inferred that if these roots are real and 
unequal, equal, or imaginary when the general equation 
is resolved with reference to one variable, they would be 
like characterized when it is resolved with reference to 
the other. To prove this, we develope the first of the 
above expressions and find that it becomes 

4^ (vl(£T-^ C{Uf+F{Bf~BJ)E-^A CF. ) 

The development of the second is 
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4 CI 



'(A{£:f+C{Dy+F{By- 



-BDE-^ACF.) 



Tlie only difference in these developraenta is tliat the 
coefficient of the parenthesis in the first ia iA, and in the 
secondit is 4C; butwhen ^ — iAC<0, A and (7 must 
have the same sign, hence these expressions must be posi- 
tive, negative, or zero at the same time. 

Second, ^ — LA. O>0, the hyperbola. 

7. — We will begin by supposing B=0, and A= — C. 

The formulas for a, b and tan. m will then give 



a=E,b= 
2 A 

and eq, (1') will become 



— — .,tan./n=0, 

2A ' 



jy^E^^LAF 



This is the ecLuation of an equilateral hyperbola whose 
eemi-axis is the square root of the numerical value of the 
expression . Since tan. m=0, m=0, and 

one of the axes of the hyperbola is parallel and the other 
perpendicular to the primitive axis of ^ If the sign of 

j-,j is negative, the transverse is the parallel 

axis ; if negative, it is the perpendicular axis. 

To construct the curve, let AX 
and A Fbe the primitive co-ordinate 
axes. Lay off the positive abscissa 



ludtbe negative ordinate 



D 




AE= — _ ; the parallels to the axes 
2A ^ 

drawn through D and E will be the axes of the hyper- 
bola, and G will be its center. On these axes, lay off 
from the center, the distances CV, CP, CM, CM', each 
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eqnal to -g— -g ' — iAF ^^^ ^^ ^^^^ q^^ ^^^ ^f ^^^_ 

jugate equilateral hyperbolas. The foei may be found 
by describing a circumference with C aa a center and CIl, 
the hypothenuse of the isoaeelos right-angled triangle 
CVS, aa a radius ; the circumference will intersect the 
axes at the foci. 

For another case, let us suppose A=0 and C=0 ; then 
the value- 
infinite, or the new axis of X is perpendicular to the 
primitive axia of X, and since tan. n is also infinite, the 
new co-ordinates axes would coincide ; in other words, 
with this value of tan. m, it would be impossible, under 
the hypothesis, to transform the original equation iuto 
eq. (1'). But if ^=0, and C=0, the co-efficient of x'y' 
in eq. (1) becomes 

^(sin. m COS. ii-f sin. n cos. m). 

Placing this equal to zero, and dividing through by 
£ coa. m coa. n, we have 

tan. m+tan. n=0, 

Or tan, m= — tan, n. 

Since we are at liberty to select a value for either m or 
n, let US make n=i5° ; then m= — iB". The values of a 
and b, which will destroy the co-efScients of x' and ji' 

D , _E 
are, a= — _, o= — _. 

B £ 

Substituting these values in eq. (1), reducing and trans- 
posing, we have 

whieli 13 also tlie equation of the equilateral hypertok, 
the co-ordinates of whose center are a= — ^=1 &= — - i 



asiGoOi^le 



228 ANALYTICAL GEUMETKV. 

and whose semi-axis ia the square root of the immouical 

vahie of _i ^ L The asymptotes of this hyperbola 

are parallel to the primitive axes, and if -^^ — =j ' is 

negative, the transverse axis makes a negative angle with 
the primitive axis of X, if positive, it makes a positive 
angle with that a^sis. 

There is another case in which the transformation hy 
which eq. (1') was obtained, cannot be made with the 

value — __ for tan m. It is that in which A becomes zero, 
2A 

and C does not. 'We then assume for tan. m the tangent 

of the angle that the diameter whose equation is 

_B _^ 

makes with the axis of X. That is, we make 
tan. m=~~ 

the value- , 

2^ 
find for the transformed equation 

By making A=0, this equation becomes 

which is that of an hyperbola referred to a system of 
conjugate diameters, one of which bisects the chords 
which are parallel to the primitive axis of X 

In the general case the course to be pursued for the 
hyperbola differs so little from that already indicated tor 
the ellipse, that it ia unnecessary to dweU upon it at 
length. 
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The quantity under the radical in the general value 
of y placed equal to zero gives the equation 



-iA'C ^~^ B^^AC ' 
The roots of this equation are the ahacissas of the ver- 
tices of the diameter, whose equation is 

2A 2A 

WlieQ these roots are real and unequal, the diameter 
terminates in the hyperbola; when imaginary, it termi- 
nates in the conjugate hyperhola. 

Denoting these abscissas, when real, by x' and x", and 
the corresponding ordinates by y' and y'\ we have 

^ 2A 

,„ Bxf'+D 



By placing these values of a;', a;" and y', y in the for- 
mula 

we shall have the length of the diameter, and the angle 
included between it and its conjugate will be found pre- 
cisely as in the ellipse. 

If x' he the smaller and x" the greater abscissa, then all 
values of x between x' and x" wUl give imaginary values 
for y, and will answer to no points of the curve ; but all 
values of x less than x', and also all values of x greater 
than x" will give real values for y', and such values of x 
with the corresponding values of y will be the co-ordi- 
nates of points of the hyperbola. 

When the roots x', x" are imaginary, the diameter 
whose equation is 

S D 
'^ 2A 2A 
20 
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terminates in the hjperlaola wliicli is conjugated to that 
represented hy the given equation, and the diameter 
which is conjugate to this diameter will terminate in the 
given hyperbola. 

The conjagate diameter may be found in the case of 
both the ellipse and hyperbola hy making first i/'=0 in 
eq. (1'), and taking the square root of the corresponding 
numerical value of x'^, and then x'=0, and taking the 
square root of the corresponding numerical value of y''^. 

8. — In the transformation of co-ordinates by which the 
original equation was changed into eq. (1) had the condi- 
tion, that the new co-ordinate axes should be rectangular, 
been imposed, as it might, we would have had n — m=90°, 
7l=90°-^m. Sin. ?i=co8. wi, cos. n-= — sin. m. 

These values being substituted in eq. (2) will give 
2J.Bin.mcos.7tt — Bs!n.=m4-_Bcoa.*m — 2Csin.mcos.m=0, 
which, by dividing through by cos.*m, and denoting 



'lAt—Bf+B- 



Whenee (=^±AJ_b.+(^_c')^ 



Since the product of these two values of i is equal to 
— 1, they are the tangents of the angles that two straight 
lines at right angles to each other make with the axis of 
X. Now, if eqs. (5) and (6) are satisfied at the same 
time ; that is, if the new origin be placed at the point of 
which the co-ordinates are 

B'^kAC B'—iAC 

the values of ( just found will be the tangents of the 
angles that the axes of the ellipse, or hyperbola, as the 
case may be, make with the primitive a^sis of X. De- 
noting these tangents by (' and f, we shaU have 
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i/-h==i'{x-a), 
y — b=f{x — a), 
for the equations of the axes, and hy combiniDg the 
equations of the axes with the original equation, we may 
find the co-ordinates of their vertices, and, consequently, 
their length. 

9.— "When the roots x' and x" hecome equal, the value 
of y may be written 

Sx+J).x-~x' I 

Tor the hyperbola, B' — iA C>0, and these values of y 
are real. We therefore have 

and 3/— ,4--24-^>-^« '"' 

These equations represent two right lines, and, since 
the co-efficients of x, when the second members are ar- 
ranged with reference to it, are different, these lines will 
intersect. "We see that by making x=z', the two equar- 
tions will give the same value for y. Henee, x=x', and 

v= — are the co-ordinates of the intersection, of 

^ 2A 

the lines. 
The line BE, whose equation ia 

^ 2A 2A' 
still has the property of bisecting all 
lines drawn parallel to the axis of 
T, which are limited by the lines 
£G and £D, whose equations areeqs. (r) and{s). 
Third, B^A 0=0, (he parabola. 
10. — The equation of the diameter that bisects the 
chords of the curve which are parallel to the axis of Y is 
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and that of the diameter which bisects the chords paral- 
lel to the axis of X is 

^ £ B 

Since a tangent line drawn through the vertex of a di- 
ameter is parallel to the chords that the diameter bisects, 
it follows that the diameters represented by the above 
equations are perpendicular to each other, and, therefore, 
{Prop. 5, Chap. 4), their intersection, in the case of the 
parabola, is on the directrix. 

The abscissa of the vertex of the first diameter is the 
value of X given by the equation 

the first member of which is the quantity under the radical 
in the general value of y, after we have made B' — 4^.0=0. 
Denoting this abscissa by x' we have 
Bf—iAF 



2[BD—%AE)' 
_ Bx'+D 



and . . 

1A 
If we denote the co-ordinates of the vertex of the sec- 
ond diameter by x" and y'\ we have 

^r ■E'-4:CF 

^ 2(BE—2CDy 

2C ■ 

Let Pand P' be the two vertices thus found. Through 

the first draw PT" parallel to the axis of Y, and through 

the second, P T parallel to the axis of X These lines 

will be tangent to tlie parabola at P and P' respectively, 



ioovGoot^Ie 



INTERPRETATJnX OF E (JU ATI ON S. 

and tbeir intersection, T, will be 
a point of the direetris. The 
lines CM, BN, drawn through 
P and P', making, with the axis 
of JC, angles having for their 
common tangent 

_B_ _2C_ 
2A^ B' 
are diameters of the curve, and 
BG drawn through T perpendicular to these diameters, 
is the directrix. "With P as a center and PC as a radius, 
or with P as a center and F'B as a radius, describe an 
arc of a circle. This arc will cut the chord FF' at the 
focus F. The perpendicular FI), drawn through F to 
the directrix, is the axis, and the middle point, V, oi FD, 
is the vertex of the parabola. 




EXAMPLES. 

It will aid in the construction of the curve represented 
by any equation to find the points in which it is inter- 
sected by the co-ordinate axes. If we make either vari- 
able equal to aero in the equation, the values of the other 
variable given by the resulting equation will be the dis- 
tances from the origin to the intersections of the curve, 
with axis of the latter variable. "When the roofs of the 
equation which we solve are real and unequal, there will 
be two intersections, where real and equal, the axis will 
be tangent to the curve at the point thus determined, and 
■when imaginary, the curve and the axis will have no 
common points, 

1. — Ccmsinist the carve represented hy the equation 

y^+2xy+S3^^x=0. 
"Whence y=—x±v' — 2x(a:— 2). 

Here A=l, B=2, 03; therefore P=— 4^C<0, and 
20* 
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the curve la an ellipse whicli passes througli the origin 
of co-ordinates, Biiiee the equation has no absolute term. 

13 the equation of a diameter of the 
curve and the co-ordinates of its ver- 
tices are 3:'=0,!/'=0anda;"=2,y= — 2. 
By making x=l in the original equa- 
tion, we find y=+. 41+, or — 2.41 
for the ordinates of the vertices of the 
diameter conjugate to the first. 

The length of the first diameter is '"■iM" 

equal to ■^8=2,82+, and the length of the second is 
-(-.41+2.41=2.82. 

2. — Determine the curve thai corresponds to the equation 

y^+1xy+ 3:=— 6)/+ 9= 0. 
Here^=l, B=2, C=l, hence .B=— 4AO=0, and the 
curve is a parabola, "We find 

And x=-'y±-^Qf^. 

The diameter whose equation is y= — z+3 has a;'=0, 
and ^'=3 for the co-ordinates of its vertex. The axis of 
y is therefore tangent to the curve. The co-ordinates of 
the vertex of the diameter whose equation is x= — y are, 
3^'= — IJ, andy=lj, and a line drawn through this point 
parallel to the axis of .Xwill be tangent to the curve. 

Let F' be the vertex of the first 
diameter and P that of the second. 
The chord PP' passes through the 
focus. P'8', PS making with the 
axis of X, on the negative sidci 
angles of 45° are diameters of the 
curve, and BT a perpendicular to 
PS is the directrix. 
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3. — Determine the curve of wkkh the equation is 

f+ 2zy~-2j^—iy—x+10=0.. 
In this case ^=1, .6=2, C=— 2; hence S'-~4A€t>(i, 
and the curve is an hyperbola. The equation gives 

The ahBcisBas of the vertices of the diameter whose 
equation is 

y=—x+2 
are the roots of the equation 

3x^~8a:— 6=0. 

Whence x'=— 1, and x"=2, and the c 
uea of y are y'=Z and y'=0. 

The diameter which is parallel to 
the axia of y is conjugate to PP', 
and terminates in the conjugate hj- 
perbola. The co-ordinates of its 
vertices are imaginary and may be 
found by making x= J in the original 
equation. "We would thus £nd 

5.2-^—1 



ling val- 




The conjugate diameter will therefore be about 5.2. 
The point U in which the curve intersects the axia of -J" 
is on the left of the origin and at a distance from it equal 
to 2J units. 

4. — Determine the curve represented ly ike equation 

y^+Qxy+Qx'^—2y—Gx—15=0. 
In this, the condition £^ — iAC=0 is satisfied, and the 
curve ia the parabola ; but it answers to the case in which 
the parabola reducea to two parallel lines. 
In fact the equation may be put under the form 

(y+3x)*— 2(3/+3x)=15. 
Whence 3/+8x=l±'^i6, 

Or y+Bx=S or —3. 
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The first member of the equation may therefore be re- 
solved into the factors y+Zx — 5, and y-i-8x+Z, which, 
placed separately equal to zero, give for the parallel lines 
the equations 

?/=— 3a;+5, 

And y— — Bx — 3. 

5. — Determine the curve of which the equation is 

In this we have & — iA C<Q, and the curve is an ellipse, 
but it answers to the case in which the curve becomes 
imaginary. For, resolving the equation in relation to y, 
we find 



y=2x+liiz^—{x—2f. 

The quantity under the radical in this value of y will 
be negative for every real value of x, hence, alJ values of 
y are imaginary ; that is, there is no point whose co-ordi- 
nates will satisfy the given equation. 

By inspection we may also discover that the first mem- 
ber of the equation can be placed under the form 

(j_2x-l)H(i-2)', 
which is the sum of two squares, and must therefore re- 
main positive for all real values of x and y. 

6. — What kind of a curve corresponds to the equation 

Arts. It is an hyperbola. The axis of Y is midway be- 
tween the two branches. One branch of the curve cuts 
the asis of X at the point — 1 ; the other branch cuts the 
same axis at the point -j-3. 

T. — DeteiTnine the curve represented by the 
f—'2^xy+27?—2x-\-^=(i. 
8 find 

(!,-i)'+(3;-l)"+3-0. 
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The condition for the ellipse is satisfied, but the curve 
is imaginary. 

8. — What kind of a curve corresponds to ike equaiwn 

Ans. It ia a parabola passing through the origin and ex- 
tending without limit, in the direction of x and y negative. 

9. — 'What kind of a curve corresponds to the oration 
y^—2xy+:^—2y—l=0 ? 

Ans. It ia a parabola, cutting the aada of X at the dis- 
tance of — 1 and +1 from the origin, and extending in- 
definitely in the direction of plus x and ptus y, 

10. — What kind of a cures corresponds to the equation 

y'^—ixy-\-^3?=0'i 
Ans. It is a straight line passing through the origin, 
making an angle of 26° 34' with the axis of T". 

11. — What kind of a curve corresponds to the equation 
y''—2xy+ix^—2y+2x=0 ? 

Ans. It is an ellipse limited by parallels to the axis of 
Y drawn through the points — ^1, and +1, on the axis 
of X 

CHAPTER VII. 

ON THE ENTEESEOnONS OF UNES AND THE GEOME- 
TRICAL SOLUTION OF EQUATIONS. 

"We have seen that the equation of a straight line is 

y=tx+c, 
And that the general equation of a circle ia 

The first is a simple, the second a quadratic equation, 
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and if the value of x derived from the first he Bubstituted 
in the second, vre shall have a resulting equation of the 
second degree, in which y cannot correspond to every 
point in the straight line, nor to every point in the cir- 
cumference of the circle, but it will correspond to the two 
points in which the straight line cuts the circumference, 
and to those points only. 

And if the straight line should not cut the circumfer- 
ence, the values of y in the resulting equation must neces- 
sarily become imaginary. All this has heen shown in the 
application of the polar equation of the circle, in Chap. 2. 

Let us now extend this principle still further. The 
equation of the parabola is 

f=2px, 
an equation of the second degree, and the equation of a 
circle is 

{x±:af-\-{y-:hbf=S?, 
also an equation of the second degree. But when two 
equations of the second degree are combined, they will 
produce an equation of the fourth degree. 

But this resulting equation of the fourth degree can- 
not correspond to all points in the parabola, nor to all 
points in the circumference of the circle, but it must cor- 
respond equally to both ; hence, it will correspond to the 
points of intersection, and if the two curves do not in- 
tersect, the combination of their equations will produce 
an equation whose roots are imaginary. 

Let us take the equation ^^=2px, and take p for the 
unit of measure, (that is, the distance from the directrix 
to the focus is unity,) then x=T^, and this value of x 
substituted in the equation of the circle, will give 
(|-±a)"+(y±i)'--5?. 
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Let the vertex of the parabola 
be tlie origin of rectangular co- 
ordinates. 

Tate AP=x, and let it refer to 
either the parabola or tbe circle, 
and let VM=y, AF=\, AII=a, 
EC=b, and CM=Ii. 

Now in the right angle triangle 
CMB, we have 

CD=HP=x~a, MD=y—h, 
and corresponding to this particular figure, we shall have 
in lieu of the preceding equation 

Whence y*+{4^-ia)f—Sbp='i{lP—a^~-b\) (F) 
This equation is of the fourth degree, hence it must 
have/oM)- roots, and this corresponds with the figure, for 
the circle cuta the parabola in four points, M, M', M", 
and M"', 

The second term of the equation is wanting, that is, 
the co-efficient to j/^ is 0, and hence it follows from the 
theory of equations, that the sum of the four roots must 
be zero. 

The sum of two of them, which are above the axis of 
A^, (the two plu3 roota,) must be equal to the sum of 
the two minus roots corresponding to the points M" 
and M"'. 

The values of a and b and _E may be such as to place 
the center C in such a position that the circumference can 
cut the parabola in only two points, and then the result- 
ing equation will he such as to give two real and two 
imagiiiary roots. 

Indeed, a circumference referred to the same unit of 
measure and to the same co-ordinates, might not cut the 
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parabola at all, and in that ease the resulting equation 
would have only imaginary roots. 

In case the circle touches ike parabola, ike equation will have 
two equal roots. 

Now it is plain that if we can construct a figure that wtU 
truly represent any equation in ikis form, that figure will be a 
solution to ike equation. For instance, a figure correctly- 
drawn will show the magnitude of PM, one of the roots 
of the equation, 

"We will illustrate by the following 



EXAMPLES. 

1. — Mnd the roots of the equation 

y—11.14f/=—6.74y+ 9.9225=0. 

This equation is the same in form as our theoretical 
equation (F), and therefore we can solve it geometrically aa 
follows : 

Draw rectangular co-ordinates, as in the figure, and 
take AF=^, and construct the parabola. 

To find the center of the circle and the radius, we put 

i—4a- 11.14, (1) —Sb=—6.7i, {2) 

and 4{It^~a'—b')=—2.d225. (3) 

From eq. (1), a=3.18. From eq. (2), 6=0.84. 

And these vataes of a and b, substituted in eq. (3), give 
^=3.34, nearly. 

Take from the 'scale which cor- y 
responds to AF=i, AH=a=Z.18, 
^0=0.84, and irom Cas a center, 
with a radius equal to 3.34, des- 
cribe the circumference cutting the 
parabola in the four points, M, M', 
M", and M'". The distance of M 

from the axis of Z is -1-3.5, of M' "' -'■ ^ 

it ia +0.7, of M" it is —1.5, and of M'" it is —2.7, and 
these are the four roots of the equation. 
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Their sum ie 0, as it ought to he, because the equation 
contains no third power of y. 

2. — Find ike roots of the equation 

5/*+^^+ %H 12)/— 72= 0. 

This equation contains the third power of y; therefore 
this geometrical solution will not apply until that term is 
removed. 

But we can remove that term hy putting 
y=z~^. 

(See theory of transforming equations in algebra). 

This value of y substituted in the equation, it becomes 
2*+5t2H9j2=74J||, 
and this equation ie in the proper form. 

Nowput 4— 4«=5|,— 86=9J, and 4{if — ([^~J')=74^gi. 

"Whence a=—\l, 6=— |f, and S=4.485. 

These values of a and b designate the point C for the 
center of the circle. From this center, with a radius 
=4.485, we strike the circumference, cutting the parabola 
in the two points m and m'. The point m is 2J unita 
above the axis AJC, and the point m' is — 2f unita from 
the same line, and these are the two roots of the equation. 
The other two roots are imaginary, shown hy the fact that 
this circumference can cut the parabola in two points only. 

If we conceive the circumference of a circle to pass 
through the vertex of the parabola A, then will 

and this supposition reduces the general equation (F) to 

Here i/=±0 will satisfy the equation, and this is as it 
should be, for the circumference actually touches the par- 
abola on the axis of JT. 

Now divide this last equation by this value of y, and 
we have 

^+(4^a);/=86. (G) 

21 Q 
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Here ie an equation of the third degree, referring to a 
parabola and a circle ; the circumference cutting the par- 
ahola at its vertex for one point, and if it cuts the par- 
abola in any other point, that other point will designate 
another root in equation (G). 

It is possible for a circle to touch one eide of the par- 
abola within, and cut at the vertex A and at some other 
point. Therefore it is possible for an equation in the 
form of eq. (G) to have three real roots, and two of them 
equal. 

The circumferences of most circles, however, can cut 
the parabola in A and in one other point, showing one 
real root and two imaginary/ roots. 

Equation (G) can be used to effect a mechanical solu- 
tion of all numerical equations of the third degree, in 
that form.* 

"We will illustrate this by one or two 



1. — Given y'4-4y=39, io find the value of j by construc- 
tion. (See fig. following page) 

Put 4— 4a=4, and 86=39. Whence o:=0, and 6=4J. 

These values of a and b designate the point C on the 
axis of Ffor the center of the circle, fLl=4^, the radius. 

The circle again cut/j the parabola in P, and FQ mea- 
sures three units, the only real root of the equation. 

2. — Given y* — 75y=250, to find the values of y by con- 
struction. 

"When the co-efficients are large, a large figure is re- 
quired ; but to avoid this inconvenience, we reduce the 
co-effleienta, as shown in Chap. 2. 

* Observe that the second lenii, or y'^, in a regular cubic is wanting. 
Hence, if any exmnple contains that tenn, it must be temoved before & 
geometrical solution can be given. 
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Thu8 put y=nz. 
Then the equation becomea 
jiV— 75n^=250. 

Now take n=5, then we have 

In this last equation the co-efG 
eients are sufficiently email to apply to a construction. 

Put 4— 4<T=— 3, and 8b=2. 

"Whence <J=1|) an<l ^=i- 

These values of a aud b designate the point D for the 
center of the circle. DA is the radius. 

The circle cuts the parabola in (, and touches it in T, 
showing that one root of the equation is +2, and two 
others each equal to — 1. 

But2/=n2. Thatis, i/=5x2,or— 5, — 5, 

Or the roots of the original equation are +10, — 5, — 5, 

When an equation contains the second power of the 
unknown quantity, it must he removed by transforma- 
tion before this method of solution can be applied. 

3. — Given y' — 48y=128 to Jind ike values of y by cojh- 
struclim. Ans. +8, — 4, — i. 

4. — Qivm -f — 13y= — 12, to find the values of j by con- 
simctitm. Ans. +1, +3, and — 4. 

Omversely we can describe a parobola, and. take any 
point, as H, at pleasure, and with BA as a radius, de- 
scribe a circle and find the equation to which it belongs. 

This circle cuts the parabola in the points m, n and o, 
indicating an equation whose roots are +1, +2,4, and 
—3.4. 

"We may also find the particular equation from the 
general equation 
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obaemng the locality of H, which corresponds to a=3-3 
and b=- — 1, and taking these values of a and 6, we have 

for the equation sought. 

REMARKS ON THE tNTEBPRETATION OF EQUATIONS. 

In every science it is important to take an occasional 
retrospective view of first principles, and the conviction 
that none demand this more imperatively than geometry 
will excuse us for reconsidering the following truths so 
often in substance, if not in words, called to mind before. 

An eguaiian, geometrically considered, whatever may be its 
degree, is but the equation of a point, and can only designate a 
point. 

Thus, the equation y=ax+b designates a point, which 
point is found by measuring any assumed value which 
may be given to x from the origin of co-ordinates on the 
axis of jT, and from that extremity measuring a distance 
represented by (ax+b) on a line parallel to the axis of Y. 

The extremity of the last measure is the point designated 
by the equation. If we assume another value for x, and 
measure again in the same way, we shall find the point 
which now corresponds to the value of x. Again, as- 
sume another value for x, and find the designated point. 

Lastly, if we connect these several points, we shall find 
them all in the same r^kt tine, and in this sense the equa- 
tion of the first degree, y=ax+b, is the general equation of 
a right line, but the right line is found by finding points 
in the line and connecting them. 

In like manner the equation of the second degree 

only designates a point when we assume any value for x, 
(not inconsistent with the existence of the equation), and 
take the pltis I^ign. It will also designate another poiut 
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when we take the minus sign. Taking another value of 
X, and thus finding two other points, we shall have four 
points, — still another value of x and we can find two other 
points, and so on, we might find any number of points. 
Lastly, on comparing these points we shall find that Ikei/ 
are all in ike circumference of the same circle, and hence we 
say that the preceding equation is the equation of a circle. 
Yet it can deaignate only one, or at most, two points at 
a time. 

If we assume different values for y, and find the cor- 
responding values of x, the result will be the same circle, 
because the x and y mutually depend upon each other. 

Now let us take the last practical example 
f-lBy=-n, 
and, for the sake of perspicuity, change y into x, then we 
shall have 

Now we can suppose ^1=0 to be another equation; then 
will 

y=2r'—lix+12 (A) 

be an independent equation between two variables, and 
of the third degree. 

The particular hypothesis that y=0, gives three values 
to X, (+1, +3, and — 4), that is, tkreepoinis are designated: 
the first at the distance of one unit to the right of the 
axis of Y; the second at the distance of three units on 
the same side of the axis of Y; and the third point four 
units on the opposite side of the same axis, and this is all 
the equation can show until we make another hypothesis. 

Again, let us assume ^=5, then equation (A) becomes 

5=:c*— 1&C+12, or x'—lSx+l^O, 

and this is, in effect, changing tfie origin five units on the 

axis of Y. A solution of this last equation fixes three 

other points on a line parallel to the axis of ^. 

Again, let us assume y=10, then equation {A) \ 

21* 
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and a solution of this equation gives three other points. 
And thus we may proceed, aasigning different values 
to y, and deducing the corresponding valuea of x, as ap- 
pears in the following table, commencing at the origin 
of the co-ordinatea, where ^=0, and varying each way. 
y=30.0S88 x=— 2.2814 +4.1628 —2.0814 
!/=25. x=—l.X +4.03 —2.91 

y=20. 3;=— 0.40 +3.80 —3.41 

y=u\5. 3;==— 0.20 +3.70 —3.50 

3,-=10. 3:= +0.14 +3.52 —3.66 

y=5. a:=+0.55 +3.3 —3.85 

■When2/=0. then willx=+l. +3. —4. 

3,=— 5 a:=+1.66 +2.477 —4.14 

j/=_6.0388 x=+2.0814 +2.0814 ^.1623 
Taking y=Q, a solution of the 
equation y=3? — 13x+12, gives the 
three points a, a, a, on the axis of X. 
Then taking ?/=5, and a solution 
gives three points 5, b, b, on a line , X [a 
parallel to the axis of X, and at the 
distance of 5 units above said axis. 

Again, taking ^=10, and another solution gives the 
three points c, c, c. Now joining the three points (a, b, e,) 
[a, b, e), and (a, b, c), we shall have apparently three curves 
corresponding to the equation of the third degree, and 
thus, we might hastily conclude that every equation of 
the third degree would give three curves, and every equa- 
tion of the fourth degree four curves, etc., etc., but this is 
not true. 

If we continue finding points aa before, we shall find 
that the three curves (a, b, e,) (a, b, c,) and (a, b, e,) are 
but different portions of the same curve, and we can now 
ventlire to draw this general conclusion : 

That in an equation involving j, the ordinate, to the first power, 
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and the abscissa, x, to the third power, (he axis of X, or lines 
parallel to that axis, may cat the curve in three points. 

From analogy, we also infer that if we have an equa- 
tion involving x to the fourth power, the axis of ^, or 
its parallels, will cut the curve in four points ; and if we 
have an equation involving x to the_;?/(A power, that axis or 
its parallels will cut the curve in_^ue points, and so on. 

In the equation under consideration, (^=ic* — 133:+12), 
if we assume J/ greater than 30.0388, or less than — 6.0388, 
we shall find that two values of x in eacli ease will be- 
come imaginary, and on each side of these limits the 
parallels to Xwill cut the curve only in one point. 

Two points vanish at a time, and this corresponds with 
the truth demonstrated in algebra, "that imaginary roots 
enter equations in pairs." 

The points m, m, the turning points in the curve, are 
called maximum points, and can be found only by approx- 
imation, using the ordinary processes of computation, 
hut the peculiar operation of the ealmlus gives these 
points at onee. 

To find the points in the curve we might have assumed 
different values of x in succession, and deduced the cor- 
responding values of y, but this would have given but 
one point for each assumption ; and to define the curve 
with sufficient accuracy, many assumptions must be made 
with very small variations to x. We solved the equa- 
tions approximately and with great rapidity by means of 
the circle and parabola as previously shown. 

We conclude this subject by the following example : 

Let the equation of a curve be 

{a'—3fj{x—bf=xy, 
from which we are required to give a geometrical deline- 
ation of the curve. From the equation we have 
^{a'^-^Xx—bf _ 
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The following figure represente the curve which will 
be recognized as eoiresponding to the equation, after a 
little explanation. 

If x=0, then p becomes infinite, i j 

and therefore the ordinate at A ia an jjy ^ , 
asyvipiote to the curve. If AB=b, 
and P be taken between A and B, J 
then FM and Pm will be equal, and 
lie on ditFerent sides of the abscissa 
AP. If x=h, then the two values of 
3/ vanish, because x— 6=0; and consequently, the curve 
passes through B, and has there a duplex point. If AP 
be taken greater than AB, then there will be two values 
of y, as before, having contrary signs, that value which 
was positive before, now becomes negative, and the nega- 
tive value becomes positive. But if AD be taken =a, 
and P come to -D, then the two values of y vanish, because 
*^W^^^^^^ -A-Ti^ if A P is taken greater than AD, then 
c? — 1? becomes negative, and the value of y impossible ; 
and therefore, the curve does not extend beyond D. 

If z now be supposed negative, we shall find 
i/==f^a^-^^ X {b +x)-^x. 
If X vanish, both these values of y become infinite, and 
consequently, the curve has two infinite arcs on each side 
of the asymptote AK. If x increase, it is plain y dimin- 
ishes, and if x becomes = — a,y vanishes, and consequently 
the curve passes through E, if AM be taken =AD, on 
the opposite side. Kx be supposed, numerically, greater 
than — a, then y becomes impossible; and no part of the 
curve can be found beyond E. This curve is the e< 
of the ancients. 
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CHAPTER VEX 
STRAIGHT LINES IK SPACE. 

Straight lines in one and the same plane are referred 
to two co-ordinate axes in that plane, — ^but straight lines 
in space require Ikree co-ordinate axes, made by the inter- 
section of three planes. 

To take the most simple view of the subject, conceive 
a horizontal plane cut by a meridian plane, and by a per- 
pendicidar east and west plane. 

The common point of intersection we shall call the 
origin or zero point, and we might conceive this point to 
be the center of a sphere, and about it will be eight quad- 
rangular spaces corresponding to the eight quadrants of 
a sphere, which extended, would comprise all space. 

The horizontal east and west line of intersection of 
these planes, we shall call the axis of X. The horizon- 
tal intersection in the direction of the meridian^ the axis 
of Y; and that perpendicular to it in the plane of the 
meridian, the axis of Z. Distances estimated from the 
sero point horizontally to the right, as we look towards 
the north, we shall designate as plus, to the left minus. 

Distances measured on the axis of Yand parallel 
thereto, towards us from the zero point, we shall call plus; 
those in the opposite direction will therefore be minus. 
Perpendicular distances from the horizontal plane up- 
wards are taken aa plus, downward minus. 

The horizontal plane is called the plane of xi/, the me- 
ridian plane is designated as the plane of yz, and the per- 
pendicular east and west plane the plane of xz. 

Now let it be observed that x will be plus or minus, ac- 
cording to its direction from the plane of yz, y will be 
plus or minus, according to its direction from the plane 
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xz^ and z will be flus or minus, according as it is above or 
below the horizontal place jy. 



PROPOSITION I. 

To find the equalion of a straight line in space. 

Conceive a straight line paseing in any direction through 
space, and conceive a plane coinciding with it, and per- 
pendicular to the plane zz. The intersection of this 
plane with the plane Xz, will form a line on the plane xz, 
and this is said to be the projection of the line on the 
plane xz, and the equation of this projected line will be 
in the form 

x=az+K. (Chap. 1, Prop. 1.) 

Conceive another plane coinciding with the proposed 
line, and perpendicular to the plane yz, its intersection 
with the plane yz is said to be the projection of the line 
on the plane yx, and the equation of this projected line 
is in the form 

y=bz+^. 

These two equations taken together are said to be 
equations of the line, because the first equation is a gen- 
eral equation for all lines that can be drawn in the first 
projecting plane, and the second equation is a general 
equation for all lines that can be drawn in the second 
projecting plane; therefore taken together, they ex- 
press the intersection of the two planes, which is the line 
itself. 

For illustration, we give the following example : Construct 



=2z+l 1 
=3s— 2 / 
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Make 2=0, tliena;=l, aiid^= — 2. 
Now take AF=1, and draw Fm 
parallel to the axis of Y, making 
Pm= — 2 ; then m is the point in 
the plane xy, through which the ' 
line must pass. 

Now take z equal to any num- / 
ber at pleasure, eay 1, then we shall ^ 
have x=S and y=l. 

Take AF'=S, F'm'= + 1, and from the point m' in the 
plane xy erect tn'n perpendicular to the plane xy, and 
make it equal to 1, because we took 2=1, then n is an- 
other point in the line. Draw n m and produce it, and it 
will be the line designated by the equations. 



PEOFOSITION II. 

To find the equation of a straight line which shall pass 
through a given point. 
Let the co-ordinates of the given point be represented 

byx', y,z'. 

The equations sought muat satisfy the general equa- 
tions 

x=az-\-7z. ■» 

y=bz+^. ] 

The equations corresponding to the given point are 

x'=az'-\--r:. y'=bz'+^. 

Subtracting eq. (1) from these, respectively, we have 
x'~-x=a{z' — z), and y' — y=b{z' — z), 
the equations required. 



(X) 



PROPOSITION III. 

To find the equations of a straight line which shall pass 
through two given points. 
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Lettte co-oriiinates of the second point be ^',y",i!', 
iN'ow by the second proposition, the equations which ex- 
press the condition that tbe line passes through the two 
points, will be 

x" — x' = a(z"—z') , 

And ■tf—y'=b{^' — z'). 

-Whence a=^!^', h=tlll.. 

z" — z' 2" — z' 
Substituting the values of a and 6 in the equations of a 
line passing through a single point (Prop. 3,) we have 

for the equations required. 



PROPOSITION IV. 

To find the ccmdilion under which two straight lines intersect 
in space, and the co-ordinaies of the point of intersection. 
Let the equation of the lines be 

x=az-i-z. y'=bz+^. 

x^a'z+Tz'. y=b'z-i-^'. 

If the two lines intersect, the co-ordinates of the com- 

moa point, which may he denoted by x, y, 2, will satisfy 

all of these four equations, therefore by subtraction, we 

have 

(a--a')2+;r— ^^=0, (6— &')z+j9— ;3'=0. 

Whence, by eliminating z, we find 

a — a' b — 6'' 
which is the condition under which two lines intersect. 

Now z= ^ . ^ -, and this value of z being substituted 
a— a' 
in the first equations, we obtain 

:.-- "'— '" and yJ-Iz^l, 
a — a' b — 0' 
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for the value of the co-ordinates of the point of inter- 
section. 

Cor. — ^If a=a', the denominators in the second mem- 
ber will become 0, making x and y infinite ; that is, the 
point of intersection is at an infinite distance from the 
ori^n, and the lines are therefore parallel. 




PEOPOSITION v.— PROBLEM. 

To express analylically the distance of a given point from 
the origin. 

Let P be the given point i 
space ; it ie in the perpendicular 
at the point N, which is in the 
plane xy. 

The angle AMN=^(i°. Also, 
the angle ANP^QO^. 

Let AM=x, MN=y, NP=z. , 

Then 'AN^=x'+y\ 

But XP^=XZV*+iVF=3:=+j/'+^'. 

Now if we designate AP by r, we shall have 

for the expression required. 

PROPOSITION VI.— PROBLEM 

To express amlytically the length of a line in space. 
Let PP'=D be the line in question. 
Let the co-ordinates of the point P 
be X, y, 2, and of the point P' be x'. 



Now MM'=x'—x=NQ. 

QN'=y'—y. ^_ 
N^=(x'~xf+(j/'—yy= Pit 
P'P=z'—z. 
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In the triangle PBP' we have 

Or lP=(x'—xf-\-{y'—yf+{2f~zf, (1) 

which is the expression required, 

ScHOMDM. — If through one extremity of the line, as P, we 
draw PA to the origin, and from the other extremity P, we draw 
PS parallel and equal to PA, and draw AS, it will be parallel to 
jPP', and equal to it, and this virtually reduces this proposition to 
the previous one. This also may be drawn from the equation, for 
if A is one extremity of the line, its co-ordinates x, y, and & are 
each equal to zero, and 




PROPOSITION VII.— PROBLEM. 

To find the- indination of any line in space to the three axes. 

Prom the origin draw a line 
parallel to the given line ; then 
the inclination of this line to the 
axes will be the same as that of 
the given line. 

The equations for the line pass- 
ing from the origin are 

x=az, and y=bz. (1) 

Let X represent the inclination of this line with the 
axis of X, Y its inclination with the axis of y, and Z its 
inclination with the axis of z. 

The three points P, N, M, are in a plane which is par- 
allel to the plane zy, and AM is a perpendicular between 
the two planes, AMP is a righ1>angled triangle, the 
right angle being at M. 

Let AP=r and AM=x. Then, by trigonometry, we 
have 

As r : sin, 90° i ix : cos, X. 'Whence x=r cos. X. 

Also, as r : sin. 90° i-.y: cos. Y. "WTience y=r cos. Y. 
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Also, as T : ain. 90° : : z i cos, Z. "Whence z=r cos. Z. 
From Prop. 5 we have 

r'-'=x^+y^+z^. (2) 

Suhstituting the values of x, y, and z, as above, we 
have 

ra=)-3 coe.^X+J-^ COS.* Y+r'' coa.'^Z. 
Dividing by r* will give 

co8.*X+co8.« r+cos.^2=l, (3) 

an equation which is easily called to mind, and one that 
is useful in the higher mathematics. 

If in eq. (2) we substitute the values of x'^ and y^ taken 
firom eq. (1), we shall have 

But we have three other values of r* as follows : 









cos 


^^' COS.* r' 


COS." z 




cos.X-±^^^+«^+*'- 






1 






5^-±vi+,.+s.. 





In eq. (5) put the value of x drawn from eq. (1), and in 
eq. (6) the value of y from eq. (1), and reduce, and we 
shall obtmn 



C08.X= 

cos. ¥= - . 

1 



eoa. Z—— 



tv'l+a^+fi* 



The analytical « 
for the inclination of a line 
in space to the three co-or- 
dinates. 



The double sign shows two angles supplemental to 
each other, the plus sign corresponds to the acute angle, 
and the minus sign to the obtuse angle. 
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PEOP OSITION Till. 

To find the inclination of two lines in terms of their sepa- 
rate inclinations to the axes, 

Througli tlie origin draw two linea respectively paral- 
lel to tiie given lines. An expression for the cosine of 
the angle between these two lines is the quantitj' sought. 

Let ^Phe parallel to one of the given linea, and AQ 
parallel to the other. The angle PA Q is the angle 8< 

Let the equations of one of these lines be 



and of the other 

x'=a'z', y'=b'z'. 

Let AP=r, AQ=r', PQ=D, and the angle PAQ= V. 
Now in plane trigonometry (Prop. 8, p. 260, Geom.,) 
we have 

,„. ^_<-'+r"-I>' „, 






2rr' 
From Prop. 6 we have 

Expanding this, it becomes 
f I>^={x"'+y"'+z'^)+{x^+y-+z'') 
\ — 2x'x — 2y'y — 2z'z. 

But by Prop. 5 we have / 

and x'^+i/'^+z'^=r'^. 

Whence 2x'x-i-2y'y+2z'z=r''+r'^ — D'^. 
This equation applied to eq. (1) reduces it to 

coB.y-?!£±3'ih£:^. 

rr' 

But r and r' may have any values taken at pleasure ; 
their lengths will have no effect on the angle V. There- 
fore, for convenience, we take each of them equal to 
unity. 

Whence cos. V=x'x+y'y+s'z. (2) 
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But in Prop. 7 we found that x=r coa.^, y=r coa. T, 
etc., and that x'^r' cos. JT', y'-=i' cos, Y', etc. ; and since 
we have taken r=l and 7-'=l, x=cos.X, etc., and 3^ = 
cos.X', etc. Hence 

COS. F=eo8.Xcos.^'+cos. Ycos. y'4-coa.2coa.^'. (3) 

But by Prop. 7 we have 

co8.-^= — . 33- and cos. .Z=— 



Substituting these values in eq. (8) we have 

COS. V= — — , 

±(^^l+a*+6a){^^l^-rt's+6'*) 

for the expression required. 

The cos. y will be plus or minus, according as we take 
the signs of the radicals in the denominator alike or un- 
like. The plus sign corresponds to an acute angle, the 
minus sign to its supplement. 

0)r. 1. — If we make "r=90°, then cos. V=0, and the 
equation becomes 

l-|-aa'+Ji'=0, 
which is the equation of condition to make two lines at 
right angles in space. 

Q)V. 2. — ^If we makey=0, the two straight lines will 
become parallel, and the equation will become 

x/l+a=+6^~'/l-|-a'^+6" 
Squaring, clearing of fractions, and reducing, we shall 
find 

(a' _a)«-|- (6'„J)i'+ ((li' ~^'hf= 0. 
Each term being a square, will be positive, and there- 
fore the equation can only be satisfied by making each 
term separately equal to 0. 
"WTienee a'=a, b'=b, and ab'=a'b. 
The third condition is in consequence of the first two. 
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CHAPTER IX. 
ON" THE EQUATION OF A PLANE. 

An equation which can represent any point in a line 
is said to be the equation of the line. 

Similarly, an equation which can represent or indicate 
any point in a plane, ie, in the language of analytical ge- 
ometry, the equation of the plane. 

PROPOSITION I. 

To find the equation of a plane. 

Let UB suppose that we have a plane which cuts the 
axes of X, Fand Z at the points B, C and J), respec- 
tively ; then, if these points he connected by the s 
lines JBC, CD and BB, it is evi- 
dent that these lines are the inter- 
sections of the plane with the 
planes of the co-ordinate axes. 

Now a plane may be conceived 
as a surface generated by moving a 
straight line in such a manner that 
in all its positions it shall be parallel to its first position 
and intersect another fixed straight line. Thus the line 
DC, so moving that in the several positions, D'C, D'C", 
etc., it remains parallel to DC and constantly intersects 
D£, win generate the plane determined by the points D, 
CandS. 

The line DB being in the plane xy, its equations are 
y=0, z=mx+b, 0) 

and for the line DC we have 

x=0, z=ny-\-b. (2) 

The plane passed through the line D C parallel to the 
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plane zy, cuts the axis of ^ at the point f. Denoting Ap 
by c, the equations of the line D'C become 

x=c, z=ny+b' . (3> 

It ia obvious that eqs. (3) can be made to represent the 
moving line in all its positions by giving suitable values 
to e and b', and that, for any one of its positions, the co- 
ordinates of its intersection with the line DB must satisfy 
both eqa. (1) and (3). That is, c and b', in the first and 
second of eqe. (3), must be the same as x and z, respec- 
tively, in the second of eqa. (1). Hence 
b'=z — ny, and b'=mx-\-b. 

Equating these two values of 6', we have 
2 — ny=mx+b, 
or z=7nx+ny+b.. (*) 

This equation expresses the relation between the co-or- 
dinates X, y and z for any point whatever in the plane 
generated by the motion of the line DC, and is, there- 
fore the equation of this plane. 

Coc. 1. — Every equation of the first degree between 
three variables, by transposition and division, may be re- 
duced to the form of eq. (4), and will, therefore, be the 
equation of a plane. 

Cm: 2. — In eq. (4), m ia the tangent of the angle which 
the intersection of the plane with the plane xz makes with 
the axis of X, n the tangent of the angle that the inter- 
section with the plane yz makes with the axis of Y, and 
b the distance fi-om the origin to the point in which the 
plane cuts the axis of Z. 

Hence, if any ^ equation of ike first degree between three vari- 
ables be sdved with respect to am of the variables, the co-effi- 
cient of either of the other variables denotes the tangent of the 
angle that the intersection of the plane represented by the eqim- 
tion,with the plane of the axes of the first and second variables, 
makes with the axis of the second variable. 
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ScHOLiiTH. — If we assume 



C C 

Q eq, (4), it will become, by reduction 



and substitute these values i 
and trauspofiitiou, 

whieli is the form under which the equation of the plane is very 
often presented. 

From this equation we deduce the following general truths : 
First. — If we suppose a plane to pass through the origin of the 
co-ordinates for this point, x=:0,i/=0, and s^O, and these values 
substituted in the equation of the plane will give i>=0 also. There- 
fore, when a plane passes through the origin of co-ordinates, the 
general equation for the plane reduces to 
Ax+£^-l- &=0. 
Second. — To find the points in which the plan 

The equation of the plane must ri 
to each and every point in the plane ; the 
point P, therefore, in which the plai 
the axis of X, must correspond to y^O 
and 2=0, and these values, substituted in 
the equation, reduces it to 

Aa:-\-D=0. 

Or x=—^=OP. 



cuts the a 




For the point Q vi 
And 



For the point R, 



I must take a;=0 and s^O. 



Third. — If we suppose the plane to be perpendicular to the plane 
XY, PR', its intersection with, or trace on, the plane XZ, must be 
drawn parallel to OZ, and the plane will meet the axis of Z at the 
distance tiyintCy. That is, OR, or its equal, ( — -), must be infi- 
nite, which requires that (7=0, which reduces the general equation 
of the plane to 
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which is the equatioa of the trace or line PQ on the plane XT. 
If the plane were perpendicular to the plane ZX, the line OQ, or 

its equal, [ J, must be infinite, which requires that ^=0, and 

this reduces the general equation to 

Aa;+ Cz+D=0, 
which is the equation for the trace PR, aod hence we may conclude 
in general torma, 

That when a plane is perpendicular to any one of the co-ordinate 
planes, its equation is that of it» trace on the same plane. 

FEOPOSTION II.— PROBLEM. 

To find the length of a perpendicular drawn from the origin 
to a plane, and to find its inclination with the three co-ordinate 
axes. 

Let RPQ be the plane, and from the 
origin, 0, draw Op perpendicular to the 
plane ; this line will be at right-angles 
to every line drawn in the plane from 
the point p. 

"WTieaee OpQ=9(i°, OpJi=90°, and 

Let Op=p. 

Designate the angle pOP by ^, pOQ by F, and pOB 

By the preceding scholium we learn that 

J.' ^ B' C 

A, S, C and D being the constants in the ec[uation of a 
plane. 
Kow, in the nght-angled triangle OpP, wc have 

OP : 1 : : Op : cos. X. 
That is, — :?:1: :j): cos.X (1) 
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The right-angled triangle ( 
-0.,... 



The right-angled triangle ( 



Proportion (1) gives us 






(2) gives COS." r-^-S", I (») 

and (3) gives oob."Z-^C. (6) 

Adding these three equations, and observing that the 
sum of the first members ie unik/, (Prop. 7, Chap. 8), and 
we have 

"Whence v=ziz — ^ (7) 

^A'+B'+C 
This value of p placed in eqs. (4), (5) and (6), by re- 
duction, will give 

C08.^-± ^ (8) 

m 

(10) 



^A'+S'+C 

o 



^A'+B'-¥ C 
Expressions (7), (8), (9) and (10) are those sought. 



PEOPOSITION 111.— PROBLEM. 

To find the analytkal exjpressiorts for the imUrmiioii of a 
plane to the three eo-ordinate planes respectively. 
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Let AX+B//+ &+D=0 be the equa- 
tion of the plane, and let FQ represent 
ita line of intersection with the co-ordi- 
nate plane (xy). 

From the origin, 0, draw OS per- 
pendicular to the trace PQ. Draw pS. 
Ops is a right-angled triangle, right- ' 
angled at p, and the angle OSp measures the inclination 
of the plane with the horizontal plane (a^T/), Our object 
is to find the angle OSp. 

In the right-angled triangle POQ we have found 

^ 0Q= -0 




OP — 



B' 



Whence 



PQ-^^l^+BT 



Now FS, a segment of the hypothenuBe made by the 
perpendicular OS, is a third proportional to FQ and FO. 
Therefore 



^^A'+B-: 
Or Va'+B' : —B : : 

The other segment, QS, 
and OQ. Therefore 

Or ^A'+B'-.—A:: 

But the perpendicnlar, 

tween these two eegmenta 

O.S-. 




i^ a third proportional to PQ 

-B----B- «*• 
-0 „„ AB 


-B ■*" B-^A'JrB' 
OS, is a mean proportional be- 
. Therefore we have 
D 



Now, by simple permutation, we may eoncludfi that the 
perpendicular from the origin to the (race FS, is 
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■D 

and that to the ttuce QR is 
J) 



We shall deaignate the angle which the plane makes 
with the plane of {xy) by {xy), and the angle it makes 
with {xz) by {xz), and that with {yz) by {yz). 

Now the triangle OpS gives 

OS : sin. 90° : : Op : sin. 05i). 

sin.* Oi^= sin,' 

Similarly, Bin.'(x«)=- 

And .in.'(!,.). j,^^- 

But by trigonometry we know that cos.'=l — sin.*. 

Whence .o..X.,)=l-^^^^^_^^, ^ 

"Whence coa.{xy)= 



A'+Bf+C 
A'+C 
A'+B'+C 
B-+C' 



Qm.{xz)= 



^A'+B'+ C 
±B 



C0B.(y2)=- 



^A'+Bf+C 
±A 



Espreasions Bought. 



'/A'+B'+ 6" . 
Squaring, and adding the laat three equations, we find 

<i09.\x!/)-i-GO?>.\xz)+aoii.\yz)=\. 
That is, the sum of ihe squares of the cosines of the three 
tingles whiek a plane forms with the three co-ordinate planes, 
is equal to radius square, or unity. 
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PROPOSITION IV.— PROBLEM. 

To find the equation of the inlerseclUM of two planes. 

Let Ax+By+ (^+D=0, (1) 

A'x+B'y+ az+D'=0, (2) 

be the equations of the two planes. 

If the two planea iiitereeet, the values of x, y and z 
will be the same for any point in the line of intersection. 
Hence, wo may combine the equations for that line. 

Multiply eq. (1) by C" and eq. (2) by C, and subtract 
the products, and we shall have 

{Aa—A'O)x+{BO—B'G)y+{Da~Il'C)=0, 
for the equation of the line of intersection on the plane 
{xy). If we eliminate y m. & similar manner, we shall 
have the equation of the line of intersection on the plane 
{xz) ; and eliminating x will give us the equation of the 
line of intersection on the plane (ys). 

PROPOSITION v.— problem:. 

To find the equaiion to a perpendicular let fall from a given 
point {x', Y, z',) upon a given plane. 

As the perpendicular is to pass through a given point, 
its equations must be of the form 

x—x'=a{z—z'), (1) 

y—y'=b{z—z'), (3) 

in which a and b are to be determined. 

The equation of the plane is 

Ax+By-\- Cz+D=(i. 
The line and the plane being perpendicular to each other, 
by hypothesis, the projection of the line and the trace of 
the plane on any one of the co-ordinate planes will be 
perpendicular to each other, 

For the traces of the given plane on the planes (xz) and 
[yz), we have Ax+Cz+I>=(i and By+Cz+D=0. 
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_,. _ (3) 

A A- 

From the latter y=— ^2— :?, (*) 

^ £ -B 

INow eqs, (1) and (3) represent lines which are at right 
angles with each other. 

Also, eqs. (2) and (4) represent lines at right angles 
with eaeh other. 

But when two lines are at right angles, (Prop. 5, Chap. 
1), and a and a' are their trigonometrical tangents, we 
must have {aa'-i-l=0). 

That is, —0^+1=0, or a=4. 

A 

,^««;„~ ™;^^r. „^ '■— _ 
C 
.. (1) and (2) give 

x—^'=-^{^—^') I for the equationB 



PROPOSITION Ti.— pkoblem:. 

To find the angle included by two planes given by their 
equations. 

Let Ax+By+ Oj+D=0, (1) 

And A'x-\-By'-\- C'z-\-D'=Q, (2) 

be the equations of the planes. 

Conceive lines drawn from the origin perpendicular to 
each of the planes. Then it is obvious that the angle 
contained between these two lines is the swpp?emen( of the 
inclination of the planes. But an angle and its supple- 
ment have numerically the same trigonometrical ex- 
pression. 
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e the angle between tiie two planes ty F, then 

Proposition 8, in the last chapter gives 

„ l-\-aa'+bb' 
C08. F= , ^ - . . (3) 

The equations of the two perpendicular lines from the 
origin must he in the form 

x=a'z y=b'z. 

But because the first line ia perpendicular to the first 
plane, we must have 

a=^, and b=^, (Prop. 5.) 

And to make the second line perpendicular to the sec- 
ond plane requires that 



C" O' 

i of a, h, and a', b', substituted in eq. (3) 
will give, by reduction, 

AA'+BB'+CG' 



COB, F=±— 



for the equation required. 

Cor. — When two planes are at right angles, cos, V=0, 
which will make 

AA'+BIi'+CC'=0. 



FBOPOSITTON VII.— P E B L EM. 

To find the inclination of a line to a pkine. 
Let MN be the plane given by its equation 
Ax+By+a-\-D=0, 
and let PQ be the line given by its equations 
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Take any point P in the given line, 
and let fall PM, the perpendicular, up- 
on the plane ; SQ ia its projection on 
the plane, and PQB, which we will 
denote hyT, ia obviously the least i 
gle included between the line and the plane, and it is the 
angle sought. 

Let x=a'z+7z', and y=b'z-\'^, 

be the equation of the perpendicular PR, and beeauBe it 
ie perpendicular to the plane, we must have (by the last 
proposition) 

(i'=d:, and 6'=£. 

Because PQ and PR are two lines in space, if we des- 
ignate the angle included by V, we shall have 

C0B.V=± 1+^'^^+^^^ ,. (Prop. 8, Chap. 8.) 

But the cos, V is the same as the sin. PQR, or sin. v, 
as the two angles are complements of each other. 

Making this change, and substituting the values of a' 
and b', we have 

_^ Aa+Bb+ C 



for the required result. 

Cor. — When v=0, sin. «=0, and this hypothesis givea 
Aa+Bb+C=0, 
for the equation expressing the condition that the given 
line is parallel to the given plane. 

"We now conclude this branch of our subject with a 
few practical examples, by which a student can teat his 
knowledge of the two preceding chapters, 
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EXAMPLES. 

1. — What is the distance between two points in space of 
which the co-ordinates are 

a;=3, )/=5, 2=— 2, x'=—2, y'=—l, z'=Q. 

Ans. 11.180+. 
2. — Of which the co-ordinates are 

a:=l, y= — 5, z= — 3, x'=i, y'= — 4, 2'=1. 

Ans. Sjij nearly. 
8. — The equations of the projections of a straight line on the 
co-ordinate plaiies (xz), (yz), are 

z=23+l, y=lz—% 

required the equation of projection on the plane (^)- 

Ans. y=ix— 2^. 
4. — The equations if the projections of a line on the co-ordi- 
nate planer (xj) and (yz) are 

2y=x- — 5 and 2^=2 — 4, 
required the citation of the projection on the plane (xz). 

Ans. 1=2+1. 
5. — Required the equations of the three prcgections of a 
straight line which passes through two points whose co-ordincties 

x'—% y'=\, z'=f), and x"=— 3, ?/"=0, 2"=— 1. 
What are the projections on the planes (xz) and (yz) ? 

Ans. a:=52+2, y=z-\-l. 
And from these equations we lind the projection on the 
plane {xy\ that is, by=x-\-'i. 
(See Prop. 3, Chap. 8.) 

6. — Mequired the angle included between two lines whose 
equations are 

x=32+l I Qf ^j^g ^g^ ^^^ x=z+2 I ^^^^g 2d. 
2/=22+6 f 3/=— 2+1 f 

Ans. V=12'' V 28" 
(Bee Prop. 8, Chap. 8.) 
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7. — Mnd the angles made by the lines designated in the pre- 
ceding example, with the co-ordinate axes 
(See Prop. 7, Chap. ?.) 

f m° 42' with ^, (5i°U' with J', 

Ans. Thelstline-^67°41'20" F,2dliiie-( 125° 16' F, 

(74° 29' 54" Z, ■ (54° 44' Z. 

8. — Having given the equation of two straight lines in space, 

as 

x=Zz+l I ^j. ^^^ J ^^^ x=z-\-2 \ ^^ ^^^ 2d, 
y=^z+% [ y=-z->r^' S 

to find the value of [i', so that the lines shall actually intersect, 
and to find the eo-ordinates of the point of intersection. 

\x=2h z=+h 
(See Prop. 4, Chap. 8.) 
9. — Given the equation of a plane 

8x~3y+z--i=0, 
to find the points in which it cuts Ike three axes, and the perpen- 
dicular distance from the origin to the plane. 
(Prop. 2.) 

Ans. It cats the axis of JC at the distance of J from 
the origin ; the axis of Y at —1^ ; and the axis of Z at 
+4. 
The origin ia .4649+ of unity below the plane. 
10. — Find the equations for the intersections of the two 
■planes (Prop. 4.) 

Zx—^y-\-'2.z—l=f), 
7z— 3)/— 3+5=0. 
C On the plane {xy) 17a:— iPy+9=0. 
'^' \ On the plane {xz) 19^—102+23=0. 
11. — Find the inclination of these two planes. 
(Prop. 6.) 

Ans. 41° 27' 41". 
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12. — The equations of a line in space are 
x=—2z+l, and y=3z+2. 
Find the inciinaUon of this Cine to the plane represented by 
the equation (Prop. 7.) 

ix—Zy-\-z—A=(i. 

Am. 48° 13' 13" 
13, — Find the angles made by the plane whose equation 18 
8a:— S^+z— 4=0, 
with the co-ordinate planes. 
(Prop. 3.) 

f 83° 19' 27" with (xy). 
AnsJ 110° 24' S8" with (xz). 
{ 21° 34' 5" with {yz). 
14. — The equation of a plane being 

Ax+By-\-Cz-i-I>=0, 
Required the equation of a parallel plane whose perpendicu- 
lar distance is (a) from the given plane. 

Ans. Because the planes are to be parallel, their equa- 
tions must have the same co-efficientB, A, B, and G. 

la Prop. 2, we learn that the perpendieular distance of 
the origin from the given plane may be represented by 
-D 



Now, as the planes are to be a distance a asunder, the 
distance of the origin from the required plane must be 
-P +-. or D+a^AHV +0' 

"Whence the equation required is 

15. — Find the equation of the plane which will cut the 
axis of Z at 3, the axis of X at 4, and the axis of T at 5. 
Am. 53;+4j/+6|2=20. 
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16. — Find the equation of the plane which wiU cut the axis 
of "S. at Z, the axis of Z at 5, and which will pass at the 
pei-pendicular distance 2' from the origin. At what distance 
from the origin will this plane cut the axis o/ Y ? 

Ans. The equation of the plane is 

10x+^S9y+Gz—BQ=0. 

The plane cuts the axis of Y at ± 

11.— Find the equations of the intersection of the two pUmes 
whose equations are 

3x—2y—z—i=0, 
+lx+Zj/+z—2=0. 
The equation of the projection of the inter- 
section on the plane (xy) is 

10x+y—Q=0. 
Ans. ■{ On the plane (xz) it is 

23x— 2—16=0, 
md that on the plane (ys) ia 

23j/+ 102+ 22=0. 
18, — Find the inclimtion of the planes whose equations are 
expressed in example 17. 
Ans. y=60° 50' 55" or 119° 9' 5". 
19. — A plane intersects the co-ordinate plane (xz) at an in- 
clination of 50°, and the co-ordinate plane (yz) at an incline 
titm of 84°. At what angle wUl this plane intersect the plane 
(xy)! 

Am. r-iO" 38' 6'. 
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MIS CELL Aa"EOUS PROBLEMS. 

1. The greatest diameter or major axis of an ellipse is 
40 feet, and a line drawn from the center making an an- 
gle of 36° witli the major axis and terminating in the el- 
lipse is 18 feet long ; required the minor axis of tliis el- 
lipse, its area and exeentricity. 

Note.— -The eseentricity of an ellipso is Uio distance of either focus 
firom the center, when the semi major axis ia taken as unity. 
rThe minor axis is 30.8T52. 
Am J _4j.ea of the ellipse, 969.972 sq. feet. 
^ Exeentricity .63575. 

2. If equilateral triangles be described as the three sides 
of any plane triangle and the centers of these equilateral 
triangles be joined, the triangle so formed will be equilat- 
eral; required the proof. 

Let ABC represent any plane 
triangle, A, B and C denoting the 
angles, and a, b and e the respects 
ive sides, tbe side a being opposite 
the angle A, and so on. 

On AC, or b, suppose an equilat- 
eral triangle to be drawn, and let 
P be its center. ''^ 

Make the same suppositions in regard to the sides e and 
a, finding P, and P^. Draw PP, , P, P^ and PP^ ; then 
is PPjP^ an equilateral triangle, as is to be proved. 

We shall assume the principle, which may be easily 
demonstrated, that a line drawn from the center of any equir- 
lateral triangle to the vertex of either of the angles, is equal to 

- times the side of the triangle. Hence we have 

AP=^, PC=~, AP,=-^, P ,B^4=< ^Pi= '^A=-^ 

vg V3 v^ v'3 v^a 

Also, the angles PAC=Z(i°, Pj^_B=80°, P,j9^=30° 
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and ao on. Now it is obvious that the angle PJ.P, is 
expressed by (^+60°), the angle F^BP^ by (S+60°), and 
PCP^ by (C+60°). We must now show that the analyt- 
ical expressions for -P-P, and P^P^ are the same. In an- 
alytical trigonometry it waa found that the cosine of an an- 
gle, A, of a plane triangle would be given by the equation 

COS. A= ^ 

2bc 

Whence, a^=fis-|-c^ — 26e cob. J.. 
That is, The square of one side is equal to the sum of the 
squares of the other (wo sides, minus twice (he rectangle of the 
other two sides into the cosine of the opposite angle. 
Applying this to the triangle PAP^ we have 

„ ff',c' 2bc 

PP, ^=3 +3 3- COS. (^-1-60°) (1) 

„ (? , 0? 2ac 

Also, -Pi-Ps 2+3 — r °^^- (-3+60°) (2) 

, a , 6= 2ab 

And PP3-3+3 3- co8.(C-f60°) (3) 

By trigonometry, cos. {A+QO)=eoB. A cos. 60 — sin. A 
Bin. 60. 

But cos. 60°=|, and sin. 60=^'^3 

Whence, cos. {J.-F60)=|cos. J. ^ sin. J. 

This value substituted in eq. (1) that equation becomes 

J J' c^ be be 

PP-t =3+3 — 3 COS. -^+^ Bin- ^ (*) 

But COS. A= — oT— 



ioovGoot^Ie 



MISCELLANEOUS PROBLEMS. 275 

By a like operation equation (2) becomes 

But by the ori^nal triangle ABC "we liave 
Bin. J._ein. B a 

~ — — — ^-, or sm. A=^ sin. B 

Placing tluB value of sin. A in equation (5) that equa- 
tion becomes 

■^ > 6 v'3 

"We now observe that the second members of (6) and 
(7) are equal; therefore, PP^=P,P^ 

And in like mannerwe can prove PP^=Pp2. There- 
fore the triangle PPj P^ has been shown to be equilateral- 



Given, the excentricity of an Mlipse, to find the difference 
between the mean and true place of the planet, corres- 
ponding to each degree of the mean angle, reckoned fi-om 
the major axis; the planet describing equal sectors or 
areas in equal times, aljout one of the foci, the center of 
the attractive force. 

Let AB he the major axis of an (^ _ 

ellipse, of which CB=CA=A=1 is 
the semi-transverse axis, and also 
let Cbo the common center of the 
ellipse and of the circle of which " 
CB is the radius. Then FC^e, 
and Fib the focus of the elhpse. 

Suppose the planet to be at B, 
the apogee point of the orbit, (so called in Astronomy). 
Also, conceive another planet, or material point, to be at 
B, at the same time. !Now, the planet revolves along the 
ellipse, describing equal areas in equal times, and the hy- 
pothetical planet revolves along the circle BPQ, describ- 
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ing, in equal times, equal areas and equal angles about 
the center 0. 

It is obTious that the two bodies will arrive at A in the 
same time. The other halves of the orbits will also he 
described in the same time, and the two bodies will be to- 
gether again at the point S. 

But at no other points save at A and at B (the apogee 
and perigee points) will these two bodies he in the same 
line as seen from F, and the difference of the directions 
of the two bodies as seen from the focus F is the equation 
of the center. For instance, suppose the planet to start 
from B and describe the ellipse as far as f. It has then 
described the area BFp of the ellipse, about the focus F. 
In the same time the fictious planet in the circle has mov- 
ed along the circumference J5Pto 5, describing the sector 
BCQ about the center C Now the areas of these two 
sectors must be to each other as the area of the ellipse is 
to the area of the circle. That is, 

sector BFp : sector BCQ : : area Ell. i area Cir. 
Through p draw PD at right angles to AB, and repre- 
sent the arc of the circle BP by x. 
Then C-D=cos. x, and PD=am. x. Draw Op and CF. 



But, denoting the scmi-conj 
area DpB : area DPB 



ijugate axis by £, we have 
area Ell. : area Cir. 
B :A 
pB -.PD 
Also we have A OpJD : A CPB : : pD : PD 
Henee, area DpB : aQjZ) : : area DPB : aCPD 
Therefore, 

area DpB-\-/i.OpB : area DPB+^CPD : : B : A 
or, sector OpB : sector CPB : : B : A 

: : area EU. : area Cir. 
Hence it follows that 

sector FpB : sector CpB : : sector CQB : sector CPB 
Whence 
sector i^B— sect. OpB : sect. C$B— sect. CPB : iBiA 
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or, £\FpG: sector QCP : : B : A 

: : area EU. ; area. Cir. 

But the area of the ellipse is tzAB and the area of the 
circle is Ah:. But ^1=1 and B='^l^^. 

The area of the triangle FCp is ^e {fD), and the area 
of the sector is \y, representing the arc QF by y. 

Whence E{pl>) -.y:: -^-T^: 1. (1) 

But we have PD : pB : : A : B 

: : 1 : ^1 — e\ and PD=sin. x. 

Hence, sin. x : fD : : 1 : ^i — e^; pD=snix''^ — e* 

This value of pB placed in (1) that proportion hecomes 
e sin. x^i — i!^ • y '■ ■ "^i — ^'^ • 1 

Or, e sin. x -.y : ilil. y=e sin. z. (2) 

Definitions, — Ist. The angle x, in astronomy, is called 
the excentrie anomaly, 

2d. The angle QCB, or (x+y) is called ike mean 



3d. The angle pFB is called Ike true a 

4th. The difference between QCB or nCB (of the tri- 
angle FnC) and w^C (which is the angle n of the trian- 
gle CF%) is ike equation of the center. 

The angle QCB, the mean anomaly, is an angle at the 
center of the ellipse, which is equal to the sum of the an- 
gles at n and F; that is, n taken from the angle at the 
center will give the true angle at the focus, F. 

"We will designate the angle fFB by t. iNow, by the 
polar equation of an ellipse, we have 
1— e^ 
^=l-ecos.( ^ being 1. 

Again, by the triangle FDp, we find, 
Fp=^FW+pW 

But Fjf=(e+cos. xf=e^+2eco3. x+eos-'a: 

And pD =8in.^ x (1 — e*)=sin.^ x — e ^ sin." x 

Therefore, FFP+piy=e^+2ecos.x+l—e'si3i.'x 

But e' sin.' x=e^—e^ coa.^ x. 
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Sub Btitu ting this value of £* Bin,* x in the preceding 
expression we have 

'Flf-\-~pI^=l-^'2ecQ?,.x-\-^(ios?x 
Whence ii)=N^EP+^=l+ecoa. x. 

Equating these two values of Fp and we obtain 

1 — e^={l+c COS. 3;) (1 — e cos. I) 
,.., e+eos. X 
Whence cos. i=^r^ (S) 

Here we have a value of I in terms of x and e, but the 
equation is not adapted to the use of logarithme. 
By equation (27) Plane Trigonometry, we have 
1— cos. ; 

If the value of cos. ( trom equation (3) be placed in this 
we shail have 

-. £+COS. X 

i^ji, l+ecos.a; ^ H-ecos.3:— e — eos.x 



e+coa. X ^+^ *^oa. 3;+e+co8. x 
l-\-ecos.x 
Or t«»U/^ (^— g)— (1— ^) cos.x ^ (1— e) (1— cos.a:) 
(l+e)+(H-e) cos.a: (l+e) (l+cos-a;) 

That 18, tan. U= (ini) ^ tan. Ix. (4) 

^ 1+e ' 

From eq, (2) we obtain 

Mean Anomaly=a;+e sin, x. (5) 

By assuming a:, equation (5) gives the Mean Anomaly. 
Then equation (4) gives the corresponding IViie Anomaly, 
To apply these equations to the apparent solar orbit, the 
value of e is ,0167751 the radius of the circle being unity. 
But y=e sin, x, and as y is a portion of the circumfer- 
ence to the radius unity, we must express e in some 
known part of the circumference, one degree, for exam- 
ple, as the unit. 

Because 180° is equal to 3.14159265, therefore the value 
of c, in degrees, is found by the following proportion. 
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3.14169265 ; 180° : : .0167761 : d degreos. 

By log., log. 0167751 —'i.ilAmSl. 

log. 180° 2.2552725 

0.4799377 

log. ic 0.4971499 

Log. e, in degrees, of arc, —1,9827878 

Add log. 60 1.7781513 

Log. e, in min. of are, 1.7609391 constantlog. 

|T^ ,0.9832249,1 

log- slT+I-loS-lrolCT-fsi) —1-992714 eon., log. 

"We are now prepared to make an application of equa- 
tions (4) and (5) 

For example, we require the equation of the center 
for the solar orbit, corresponding to 28° of mean anom- 
aly, reckoning from the apogee. The excentric anomaly 
is less than the mean by about half of the value of the 
equation of the center at any point; and x must be as- 
sumed. 

Thus, suppose 3^=27° 32' ; then ^:c=13° 46', 



sin. x=3in. 27° 32' 
Constant, 

J sin. x~ 26' 6618 
Add X 27° 32' 


9.664891 
1.760939 
1.426830 


Mean Anonialy=27° 58' 39"1 
Tan. Ix 13° 46' 

Const. - 


9.389178 
-1.992714 


tan. ii 13° 82' 59" 
2 


9.381892 


True anomaly 27° 5' 58" 
Mean Anomaly 27° 58' 39"1 

mation of center 52' 41"1 


correspoi 



mean anomaly of 27° 58' 39"1, not to 28° as was required. 
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Now let us take a;=27° 40'; then ia;=13° 50' 
Bin. X 27° 40 9.666824 

Con. 1.760939 

e sin. X 26' 777 1.42776S 
Add X 27° 40' 

Mean Anomaly, 28° 6' 46"6 

tan. lx=\%'' 50' 9.391360 
Con. — 1.992T14 



tan.^; 13° 36' 43" 9.384074 



f=27° 13' S 
Mean anomaly 28° 6' A 



Eq. center, 53' 20"6 

corresponding to 28° 6' 46"6. 
Now, we can find the equation corresponding to 28' by 
the following obvious proportion : 

28" 6' 46"6 53' 20"6 28° 00' 00" 
27 58 39 1 52 41 1 2T 5 39 1 



8' 7"5 : 39"5 : : 1' 20"9 : 4"7 

Add 52' 41"1 



Equation or value Bought, 52' 45"1 

In like manner we can find the value of the equation 

of the center of any and every other degree of the mean 

anomaly in the orhit of the sun, or any other orbit, when 

the excentrieity is known. 
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TABLE in. 
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ni=0.434a9448I9 log. —1.637784993. 

By the preceding tables — and the auxiliaries A, B, and 
C, we can find the logarithm of any number, trae to at least 
ten decimal places. 

But some may prefer to use the following direct formula, 
which may be found in any of the standard works on algebm; 



Log. (2-i-l)=log.^+0. 






The result will be true to twelve decimal places, if a be 
over 2000. 

The log. of composite numbers can be determined by the 
combination of logarithms, already in the table, and the prime 
numbers from the formula. 

Thus, the number 3083 is a prime number, find its loga- 

We first find the log. of the number 3082. By factoring, 
we discover that this is the product of 46 into 67. 
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